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ENTROPY FOR CANONICAL SHIFTS

MARIE CHODA

Abstract. Fora *-endomorphism rj of an injective finite von Neumann alge-

bra A , we investigate the relations among the entropy H(o) for a , the relative

entropy H(A\a(A)) of a(A) for A , the generalized index k(A, cr(A)), and

the index for subfactors. As an application, we have the following relations for

the canonical shift T for the inclusion N c M of type II ( factors with the

finite index [M : N],

H(A\T{A)) < 2H(T) < logk(A, TiA))'1 = 21og[M: N],

where A is the von Neumann algebra generated by the two of the relative

commutants of M. In the case of that N C M has finite depth, then all of

them coincide.

1. Introduction

The notion of the entropy for *-automorphisms of finite von Neumann al-

gebras is introduced by Connes and Stornier [3]. In the previous paper [2], we

defined the entropy for *-endomorphisms of finite von Neumann algebras as

an extended version of it. It is possible to define the entropy for a general com-

pletely positive linear map a using results in [4] by a similar method. However,

the formula of the definition of the entropy for a implies that the entropy is

apt to be zero if of converges to a when k tends to infinity. A conditional

expectation is a typical example of such a map. For that reason, interesting

completely positive maps a for us to discuss the entropy are those which have

the property that ak goes away from a as k tends to infinity.
In this paper, we shall study such a class of *-endomorphisms of injective

finite von Neumann algebras.

In §3, we introduce, for a "-endomorphism a of an injective finite von

Neumann algebra A, the notion of an «-shift on the tower (Aj)j of finite

dimensional von Neumann subalgebras of A which generates A and we obtain

the formula of the entropy 77(rj) for an «-shift a .

In the work [9] on the classification for subfactors of the hyperfinite type IIx-

factor, Ocneanu introduced a special kind of *-endomorphism which is called

the canonical shift on the tower of relative commutants. The "-endomorphism

T is a generalization of the comultiplication for Hopf algebras and is also con-

sidered the canonical shift on string algebras. The *-endomorphism Y has

similar properties to the canonical endomorphism of an inclusion of infinite

von Neumann algebras due to Longo [7, 8].
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The canonical shift Y naturally induces a 2-shift for the injective finite von

Neumann algebra A generated by the tower (A¡)j of relative commutants and

the entropy H(Y) is determined by the following

77(F) =hm^l.
k—»oo        K

For a *-endomorphism a of a von Neumann algebra A , the entropy H (a)

is a conjugacy invariant, that is, if there is an isomorphism 6 of A onto a von

Neumann algebra B such that do = <j>6 for a "-endomorphism ip of B , then

77(d) = H(</>). On the other hand, two conjugate *-endomorphisms a and

•p of A give two conjugate von Neumann subalgebras a(A) and <p(A) under

automorphisms of A.

In [10], Pimsner and Popa introduced two conjugacy invariants for von Neu-

mann subalgebras. One is the relative entropy H(A\B) for a von Neumann

subalgebra B of a finite von Neumann algebra A, which is defined as an ex-

tended version of one for finite dimensional algebras due to Connes-Stormer

[3]. The other is the generalized index X(A, B), which plays a role like the

index for subfactors due to Jones [6]. In fact in the case of factors B c A,

k(A, B)~x is Jones index [A : B]. We shall investigate relations among these

invariants.
In §4, we restrict our attention to finite dimensional von Neumann algebras.

We need these results later. The Jones index for a subfactor A of a finite factor

M is given as l/x(e) for the projection e of L2(M) onto L2(N) where x

is the trace on the basic extension algebra of A c M. In the case of finite

dimensional von Neumann algebras, we shall show that the generalized index

A( , )_1 coincides with Jones index in such a sense.

In §5, we show that in general the following relation holds for an «-shift o,

H(A\a(A)) < 277(a).

A condition under which the equality holds is also given.

In §6, we obtain the relation between 77(a) and k(A, a (A)), the generalized

index. We define a locally standard tower for a for an increasing sequence

(Aj)j of finite dimensional von Neumann algebras. The tower (Afj of relative

commutants for the inclusion of finite factors N c M satisfies this condition.

If a *-endomorphism a of A is an «-shift on a locally standard tower for a

which generates A, then we have the following:

H(A\o(A)) < 277(a) < -loga < logl(A, o(A))~x .

In §7, we shall apply the above results to the canonical shift Y for the tower

of relative commutants. Let A c M he type II x -factors with the finite index.

Considering the tower (Mj)j of factors obtained by iterating Jones basic con-

struction from A c M, we obtain the increasing sequence (Aj = M' n Mf)j

of finite dimensional von Neumann algebras. The *-endomorpnisms Y is de-

fined on the algebra (J ■ ¿j as a mapping such that Y(M'k n Mf) = M'k+2 n A/}+2

for all k < j. First, we remark that Y is extended to the trace preserving

*-endomorphism of the finite von Neumann algebra A = (j.(Aj)". The *-

endomorphism Y has an ergodic property that

f)Y*(A) = Cl,
k
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and satisfies all the conditions of the definition for a 2-shift, except one. In order

for T to satisfy all the conditions for a 2-shift, some additional requirement is

needed, and in such a case the generalized index X(A, Y(A)) is determined by

[M:N],
k(A,Y(A))~x =2[M:N].

For example, in the case where A' n M = Cl, Y is a 2-shift and the following

relation holds

H(A\Y(A)) < 2H(Y) < 2 lo%[M : N].

Furthermore, if the inclusion N c M has finite depth [9, 13], then we have

H(M\N) = H(Y) = log[A7 : A].

In §8, we discuss conditions for a *-endomorphism a of a factor M to be

extended to an automorphism 6 of a factor containing M so that 77(<r) =

77(0). If the inclusion A c M has finite depth, then Y is extended to an

ergodic *-automorphism 8 which satisfies the following:

H(M\N) = 77(6) = H(Y) = log[M : N].

2. Preliminaries

In this section, we shall fix the notation and terminology used in this paper.

Throughout this section M will be a finite von Neumann algebra with a fixed

normal faithful trace x, x(l) = 1. We equip M with the structure of a pre-

Hilbert space by (x, y) = x(xy*). Let ||jc|| = x(x*x)x/2 and let L2(M, x) by

the Hubert space completion of M. Then M acts on L2(M, x) be the left

multiplication. The canonical conjugation on L2(M, x) is denoted by J = Jm ■

It is the conjugate unitary map induced by the involution * on M. For a

von Neumann subalgebra A of M, let e^ he the orthogonal projection of

L2(M, x) onto L2(N, x). Then the restriction Ex of e^ to M is the faithful

normal conditional expectation of M onto A.

The letter n designates the function on [0, oo) defined by n(t) = -tlogt.

For each k, we let S¿ be the set of all families (Jc,-1,,-2,...,/t),->€N of positive
elements of M, zero except for a finite number of indices and satisfying

¿2   xiu...,ik = i.
i'i ,..., ij ,..., ik

For x £ Sic, j £ 1,2, ... , k and ij £ N, put

Xij - ¿__i x'i > '2 • - • '* '

'i.'/-i. !V+i >■••>'*

Let Nx, N2, ... , N/c be finite dimensional von Neumann subalgebras of M.

Then

77(A1,...,A*) = Sup
xesk

S **(*/,.¡J-EEtienjH)
¡1.'*: J ¡i

Let o he a r-preserving *-endomorphism of M and A a finite dimensional

von Neumann subalgebra of M, then

H(N, a) = lim j-H(N, a(N), ... , ok~x(N))
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exists by [2]. The entropy H (a) for o is defined as the supremum of H(N, a)

for all finite dimensional subalgebras N of M.

If there exists an increasing sequence (A,); of finite-dimensional subalgebras

which generates M, then by [2]

H(a) = lim H(Nj, o).
j—*oo

The relative entropy H(M\N) for a von Neumann subalgebra A of M is

defined [10] as an extension form of one [3] by

H(M\N) = SupT[xn(Xi) - xnEN(Xi)].
'xesx ~

This H(M\N) is a conjugacy invariant for subalgebras of M. Another con-

jugacy invariant X(M, N) is introduced in [10] as a generalization of Jones

index by

À(M, N) = max{/l > 0; EN(x) > Àx, x £ M+}.

For an inclusion N c M of finite von Neumann algebras, the von Neumann

algebra on L2(M, x) generated by M and e = e^ is called the standard basic

extension (or basic construction) forNcM and denoted by Mx = (M, e).

Then by the properties of J = Jm and e = e^ , we have Mx = (M, e) = 7A'7

[6]. If Mx is finite and if there is a trace Ti on Mi such that xi(xe) = Xx(x)

for all x £ M, then the trace xx is called the A-Markov trace for A c M. If

M D N are factors and there is the A-Markov trace of Mx forNcM, then

Jones index [M : N] = À~X [6].
We shall call an increasing sequence (Mj)j(zN of von Neumann algebras a

standard tower (cf. [5, 9, 13]) if A/)_i c M¡ c Mj+X is the basic construction
obtained from M¡-\ c Mj for each j .

Let 7 be a finite factor containing M. We shall call 7 an algebraic basic

construction for the factors A c M if there is a nonzero projection e £ M

satisfying
(i) exe = EN(x)e for x £ M, and
(ii) 7 is generated by e and M as a von Neumann algebra.

In this case, there is an isomorphism <jj of Mx onto 7 such that <i>(eN) = e

and 4>(x) = x for all x £ M [11].
We shall call such a projection e a basic projection for A c M and a de-

creasing sequence (A});e/v of finite factors a standard tunnel (cf. [5, 9, 13]) if

7V)_i 2> A, D Nj+i is an algebraic basic construction for A, D A;+[ for each

j-

3. Entropy of «-shift

In this section, we shall give the definition of «-shifts and a formula of the

entropy for «-shifts. Let A be an injective finite von Neumann algebra with

a fixed faithful normal trace x, with t(1) = 1 . Let (^y)7=i,2,... be an in-

creasing sequence of finite dimensional von Neumann algebras such that A =

the weak closure of (jjAj = {A¡ : j}". Assume that o is a r-preserving *-

endomorphism of A . Then o is an ultra-weakly continuous, one-to-one map-

ping with rj(l) = 1.



ENTROPY FOR CANONICAL SHIFTS 831

Definition 1. Let « be a natural number. A T-preserving *-endomorphism o

of A is called an «-shift on the tower (A¡)j for A if the following conditions
are satisfied:

(1) For all j and m , the von Neumann algebra {Aj, a(Aj), ... , om(Af)}"

generated by {ai(Af) ; j = 0, ... , m} is contained in AJ+nm .

(2) There exists a sequence (kj)j€Xs of integers with the properties

,.     nkj-j     .
hm —L^-L = 0,

y-.oo J

and
xom(y) = am(y)x,        x(zalk>(x)) = x(z)x(x),

for all / £ N, x,yeAj, me kjN and z £ {Aj, ak>(Af),..., tfi-^¡(Af)Y .
(3) Let EB he the conditional expectation of A onto a von Neumann sub-

algebra B of A . Then for j >n, EAjEa{Aj) = Ea{Aj_n).

(4) For each j, there exists a T-preserving *-automorphism or antiautomor-

phism ß of A„j+n such that o(Anf) = ß(Anf).

Remark I. The number « of an «-shift depends on the choice of the sequence

(Aj)j. Every given «-shift can be 1-shift on a suitable tower for the same von
Neumann algebra.

Example 1. Let S be the *-endomorphism corresponding to the translation by

1 in the infinite tensor product R = (g)(eN(A/,, tr,) of the algebra M¡ of mxm
matrices with the normalized trace tr, on M¡ for each i e N. For each j, let

Aj = (£)\=x(Mi, tr,). Then for all « , S" is an «-shift on the tower (Af)j for
R.

In fact, for an « e N, let k¡ = [j¡] + 1. Then (kj)j satisfies the following

properties (2') which are stronger than (2):

hm —J-r-^- = 0,

and
xom(y) = om(y)x ,        x(zolk(x)) = x(z)x(x),

for all / £ N, x, y £ Aj, kj < k , m £ kN and

z£{Aj,<Tk(Aj),...,ok«-x\Aj)}".

It is obvious that other conditions are satisfied by S" .

Example 2. Let (efj he the sequence of projections with the following prop-

erties for some natural number k and A e (0, |] U {\ cos2(n/n) ; « > 3},

(a) eie¡ex=kei if \i-j\ = k,

(b) eiej = eiel if \i-j\¿k,
(c) (ej)j generates the hyperfinite type Ilpfactor R,

(d) x(we¡) = Xx(w) for the trace x of 7? and a reduced word w on

{1, ex, ... , e,-X}.

Let Aj be the von Neumann algebra generated by {ex, ... , ef}. Then, by

[6], Aj is finite dimensional. Let o he the "-endomorphism of R such that
a(ei) = eM [1]. Then an is an «-shift on the tower (Af)j of R for all «. In

fact, for an « g A, let kj = [^] + 1 . Then (kf)¡ satisfies properties (2') in
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Example 1. The conditions (3) and (4) are satisfied by using results in [6 and

1].

In §7, we shall show that the canonical shift due to Ocneanu is a 2-shift on

the tower of relative commutant algebras.

Theorem 1. If a x-preserving *-endomorphism o of A satisfies the condition

(1) and (2) in Definition 1 for the tower (Aj)j of A, then

H{a) = lim  "ÍM.
*—oo      k

Proof. Theorem 1 is a reformulation of Theorem 9 in [2].   We shall repeat

a proof of it for the sake of completeness.   Since A is approximately finite

dimensional, we have by [2]

77(a) = lim lim ]-H(Anj, a(AHj), ... , ok-x(Anj)).

Hence, by [2 and 3],

77(a) < limliminf j H ({An j, ... , ak^(Anj)}",
j k       K

{ok-J+x(Anj),...,ok-x(Anj)}")

< limliminfT[H(Anj+n{k_j)) + H(A2nu-i))]
J k        K

< hmliminf^^l
j       k      k    nk

= hminf^2.
k k

On the other hand, by the condition (2) of «-shift,

{E(Aj, ak>(Af),..., o^~x^(Aj)) = H(Af .

Hence by [2 and 3], for a fixed j ,

kjH(o) = H(ok>)

= limlim\-H(Al,ok'(Al), ... , ok^k-x)(Al))
i     k    k

> lim \-H(A}, ok>(Aj),..., aW-x\Aj))
k    K

= H(Aj).

This implies that

Kj J ríj J

By the property of kj, we have

77(a) > lim sup "h(Aj) > lim sup H(An^ .
j      J j J

Therefore

H{a)= Hm BfpÊÏ.   □
k—»oo        K
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4. Finite dimensional algebras

In this section, M will be a finite dimensional von Neumann algebra and x

a fixed faithful normal trace of M with t(1) = 1 . Then M is decomposed

into the direct summands:

lex

where M¡ is the algebra of d(l) x d(l) matrices and A = Km is a finite set.

Then the vector dM = d = (d(l))¡eK is called the dimension vector of M. The

column vector tM = t = (t(l))ieK has t(l) as the value of the trace for the

minimal projections in M¡, and is called the trace vector of x. Let A be a

von Neumann subalgebra of M with A = ¿~^k€K 0 Nk . The inclusion matrix

[N «-> M] = (m(k, l))kefcN,ieKM is given by the number m(k, I) of simple

components of a simple M¡ module viewed as an Nk module. Then

dN[N <-» M] = dM   and   [A <-> v\7]lM = tN.

Here we shall give a simple formula for X(M, N).

By the definition of the basic construction of A c M, there is a natural

isomorphism between the centers of A and (M, e) via x -» Jx*J. Hence

there is a natural identification between the sets of simple summands of A and

(M,e). We put K = KN = K{M,e) ■
The following theorem assures that in the case of finite dimensional von

Neumann algebras, the constant A(-) plays the same role as the index for finite

factors.

Theorem 2. (1) Assume that there is a trace of (M, e) which is an extension of

x. Then
i_.    tN(k)

X((M,e),M)~l =max
k€K  t(M,e)(k)

(2) If the trace x of (M, e) has the x(e)-Markov property, then

X((M, e), M)-x = l/x(e) = \\[N -» M}\\2.

Proof. (1) Let (a(l, k)),€Ku¡k€K{M e) be the inclusion matrix [M <-> (M, e)].

Since [M<-*(M, e)} = [N^> M]' [6], by the formula in [10],

X((M, e),M)-x = max Y mm{a{l> k^ ^MD
keK   f¿ t(M,e)(k)

Since
d'M = (dN[N ^ M])' = [M^(M, e)] d'N,

we have dM(l) = Y,kaV'' k)dN(k). It follows that c7a/(/) > a(l, k) for all /
and k. Hence

^min{a(/, k), dM(l)}tM(l)

i

= £a(/, k)tM(l) = ([A -» M]tM)(k) = tN(k).

i

Hence we have
-i    „„..   tN(k)

X((M,e),M)~x =max
k€K  t(M,e)(k)
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(2) Let A = x(e). Then by [6], the following equivalent statements hold:

X[N^M][M^(M,e)]tN = tN,

and
A[M -+ (M, e)][N - M]tM = tM.

Hence we have

tN = [N^ M]tM = [A -* M][M -> (M, e)]t{M,e) = \t(M,e) ■

Since  1/A is the Perron-Frobenius proper value of [A <-> M][N <-> M]', we

have

A«A7, e),M)-x=max    tN{kl   = \ = -L = \\[N^M]\\2.   U
k€K t(M,e)(k)       X        X(e)

Definition 2. Let A c M c 7 be an inclusion of finite dimensional von Neu-

mann algebras. Then 7 is said to be an algebraic basic construction for A c M

if there is a projection e in 7 satisfying

(a) 7 is generated by M and e ,

(b) xe = ex for an x e A,

(c) If x e A satisfies xe = 0, then x = 0,
(d) exe = EN(x)e for all x £ M, ((d) implies (b)).
In this case, there is a *-isomorphism of the basic construction Mx = JN'J

onto 7.
We shall call A c M c 7 a locally algebraic extension of N c M if there

is a projection p e 7 n 7' which satisfies that the inclusion M c Lp is an
algebraic basic construction N c M.

If L D M D N is a locally standard extension of the inclusion M D N, we

can identity the set KN with a subset of KL via the equality Ne = e(Lp)e.

Under this identification, we have the following:

Proposition 3. Let L d M D N be a locally standard extension of M D N.

Then

X(L,M)-X > max min M^ .
k€KNl€KL   tL(l)

Proof Let (a(k, l))k&KM,leKL = (M^L]. Then by [10],

X(L,M)~X > maxJ2min{a(k, I), dM(k)}tM(k).
max/ í¿(í j    /

Since there is a projection p £ Lf)L' which satisfies that Lp is isomorphic

to the basic extension for A c M, then [A «-» M]' = [M <-► 7P]. Hence we

have, by the same method as in the proof of Theorem 2,

]T min{a(/c, /), dM(k)}tM(k) = !#(/),

for / e Ajv , where we consider KN as a subset of A¿ . Thus

.,     max/g^MO

Let

A(7, A7)-1 >   -'"»"),'.    D
- ma\ieKttL(l)

/(M) = £</(/)*(/) log ̂ ,

where A = Aa/ , d = dM , and t = ím ■
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Proposition 4. (i) H(M\N) < I(M) - 7(A),
(ii) H((M,e)\M) = I((M,e))-I(M),
(iii) I(M) < 2H(M) and the equality holds if and only if M is a factor.

Proof. The inequality (i) is an immediate consequence of the following formula

[10]

H(M\N) = I(M) - 7(A) + Y dN(k)m(k, l)tM(l) logmin i-^%-, 1} ,
^ (m(k,l)      J

where (m(k, l))kj = [N >-> M].
(ii) By the proof of Theorem 2, c/m(0 > #(/, k) for all / e Km and k e

K{Mye). It follows that H((M, e)\M) = I((M, e)) - I(M).
(iii) Since d(l)t(l) < 1 for all / e A, we have I(M) < 2H(M). The equality

holds if and only if t(l) d(l) = 1, for some / which means that M is factor.   D

5.  77(a) and H(A\a(A))

In this section we investigate a relation between 77(a) and H(A\o(A)) for

an «-shift a on the tower (A¡)¡ for a finite von Neumann algebra A .

Let (Aj)j he an increasing sequence of finite dimensional von Neumann

algebras. Let Aj = Y,keK ($Aj(k) be such a decomposition as in §4, and dj

the dimension vector of A¡. Then we shall say (Aj)j satisfies the bounded

growth conditions [2] if the following two conditions are satisfied:

(i) sup j \(Kj)\/j <+oo.
(ii) For some m, Aj+Í(l) contains at most dj(k) .¿/(/¡^-components for all

j > m where \(Kj)\ is the cardinal number of Kj.

For examples, let us consider the two towers which are treated in Examples

1 and 2. Both of them satisfy the bounded growth conditions [2]. We shall

discuss another example in §7.

Theorem 5. Let o be a x-preserving *-endomorphism of an injective finite von

Neumann algebra A with a faithful normal trace x, x(l) = 1. Ifa is an n-shift

on the tower (Af)¡ for A, then H(A\o(A)) < 277(a).
Furthermore, if the bounded growth conditions are satisfied, for the tower

(Anj)j »

H(A\o(A)) = 2H(o).

In order to prove Theorem 5, we need the following:

Lemma 6. Let a be the same as in Theorem 5. If o satisfies the conditions (1),

(3), and (4) in Definition 1 for «, then

H(A\a(A))= lim H(Anj+n\Anj).
j—*oo

Proof. By assumptions, the algebra A„j+n contains a(A„j). Since two condi-

tional expectations of Anj+n onto Anj and o(Anf) are conjugate by the auto-

morphism or antiautomorphism ß of A„j+n in the condition (4),

H(Anj+n\o(Anj)) = H(Anj+n\Anj)

for all j. On the other hand, A (resp. o(A)) is generated by the sequence

(A„j+n)j (resp. (o(A„j))j) with the commuting square condition

EAnjEa(Anj) = Ea(Anj_n)   for all ; .
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Hence by [10],

H(A\o(A)) = lim H(Anj+n\a(Anj)) = lim H(Anj+n\AHf).    U
y—»oo 7—»oo

Proof of Theorem 5. (1) By Lemma 6, Proposition 4 and Theorem 1,

H(A\a(A)) = lim H(Anj+n\Anj)
j—*oo

k+l

lim TYH(A„J+n\Anj)
:—»oo K "—^

7=1

.   fc+1

<hminf TY,^A^n)-l(Anj)}
k—»oo    K ^-—

7 = 1

= liminfi;7(^nfc+„)
k—»oo    /C

-  Iif1jt2//^B*+'1^

= 277(a).

(2) In [2], we proved that, if (Af)j satisfies the bounded growth conditions,

then for the number «i in the condition (ii)

I(Aj)-I(Am)=   £ H(A'\A

and

i=m+l

lim - Y tj(k)dj(k)logtj(k)dj(k) = 0,
J k€Kj

where tj is the trace vector of the restriction of x to Aj.

This implies that

lim I^- = lim - Y tj (k) dj (k)[log d,(k)-log tj(k)]
j—>oo        I /—»oo   7   ^-^

J J keKj

=  lim2Ií^l.
J-+°°      J

Hence,

H(A\o(A)) = lim - V H(Ani+n\Ani) = lim -I(Anj+n)
J   J   i J   J

= UmlH(AnJ+n) = 2H(o).   o
7     J

By considering the standard tower

A C M C Mx C M2 C ■ ■ ■ C Mn = (Mn_x ,e„-X)c---

obtained from the pair A c M of IL-factors with [M : N] < oc by iterating

the basic construction, it is proved in [11] that H(M„\N) = log[M„ : N] if

H(M\N) = log[M : N]. Since the index has the multiplicative property [6],

this implies that H(Mn\N) = nH(M\N) if H(M\N) = log[M : N]. The next
corollary shows that a similar result holds for the pair o(M) c M.
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Corollary 7. Let a * -endomorphism o satisfy the same condition as in Theorem

5. Then for all «,
H(A\a"(A)) = nH(A\a(A)).

Proof. This is an immediate consequence of Theorem 5 and the fact H(o") =

«77(a) by [2].   D

6. H (a) and X(A, a (A)) for «-shift a

In this section, we shall investigate relations between the entropy 77(a) and

the constant X(A, a (A)) for an «-shift a of the tower (A¡)j&N for a finite von

Neumann algebra A with a fixed faithful normal trace x, x(l) = 1.

Definition 3. We shall call an increasing sequence (Aj)j of finite dimensional

von Neumann subalgebras of a finite von Neumann algebra A with a faithful

normal trace x a locally standard tower for a if thee exists a natural number

k which satisfies the following conditions:

(1) For a certain central projection Pku+i) of AkrJ+x-¡, the inclusion matrix

[Ajk ^ Aku+X)pk(j+X)] is the transpose of [AkU-X) «-» Akj], for each ; .

(2) If (tk(j-i)(i))i is the trace vector for the restriction of x to ¿/t^-i),

then the value of x of the minimal projections for Akrj+X)pk^j+X) are given by

(atku_x)(i))i for each j.
(3) There is c > 0 such that H(A2kj) <c - jloga for each j .

We call the number 2k a period of the locally standard tower.

As examples of locally standard towers, we have the following:

(i) The tower (Aj)j in Example 1 is obviously a locally standard tower for

l/m, because the inclusion matrices in each step are all same.

(ii) The standard tower is a locally standard tower for ||7'7||_1 , because the

inclusion matrix in the jth step is the transpose of one in the (j — l)th step for

all j [6]. Hence the tower (Afj is also locally standard if Aj+X is a locally

algebraic basic extension of Aj_x c A¡.

(iii) The tower (Af)j in Example 2 is a locally standard tower for A, because
the central support of e¡ in Aj satisfies the conditions (1) and (2) in Definition

3 and the condition (3) is proved by results in §4.2 and §5.1 in [6].

We shall treat another locally standard tower in the next section.

Theorem 8. Let A be a finite von Neumann algebra with a fixed faithful normal

trace x,x(l) = I. Let a be an n-shift on the locally standard tower (Aj)j for

a with a period 2« , then

H(A\a(A)) < 277(a) < -loga < logX(A, o(A))~x .

Proof. Let dj and t¡ he the dimension vector of A¡ and the trace vector of

the restriction of x to Aj, respectively. Let K¡ be the set of simple summands

of Aj. By the commuting square condition (3) in Definition 1 and [10],

X(A, a (A)) = hm X(Anj+n , a(AnJ)).
J—»oo

Since the conditional expectations EAn and EaiAn x are conjugate by an au-

tomorphism or antiautomorphism ß of An¡+n , which satisfies the condition

(4),
X(A„j+n , o(Anj)) = X(Anj+n , Anj).
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On the other hand, since (A¡)j is a locally standard tower with a period 2«,

by the same proof as Proposition 3 we have

X(Anj+n,Anj)-x>max   lf^- = l- .
k€Knj_„ tnj+n(k)        a

Hence,

logX(A,o(A))~x = lim logX(Anj+n , Anj)~x > -loga.
7—oo

On the other hand, by the condition (3) of the locally standard tower (Af)j for
a, we have that

H(A2nj)<c + jlog-.

Hence we have by Theorem 1,

logX(A, o(A))~x > -loga > 2 lim ^H(A2nj) = 277(a).
j->oo 2]

Combining with Theorem 5, we have

H(A\o(A)) < 277(a) < - loga < logX(A, o(A))~x.   D

The above proof shows that under a good condition, a = X(A, a (A)). For

example, if (Af)j is periodic in the sense of [17], the equality holds. We shall

show another example in §7.

The author would like to thank F. Hiai for pointing out a mistake in the

proof of Theorem 8 in the preliminary version.

Corollary 9. Let A be an injective finite factor with the canonical trace x and

a an n-shift of a locally standard tower for A with a period 2«, then

H(A\o(A)) < 277(a) < log[^ : o (A)].

Proof. If A  is a factor, then  a (A)  is a subfactor of A, so that, by [10],

[A : o(A)] = X(A, o(A))~x . Hence we have the corollary.   D

In the case that a (A) is a factor, it was determined in [ 10] when H(A\o(A)) =

log[A : a (A)]. In such a case, we have

H(A\o(A)) = 277(a) = log(A : o(A)].

For example, the shifts S in Example 1 and a for A > \ in Example 2

satisfy the equality [2]. However, the shifts a in Example 2 have the following

relation, [2]:

H(R\o(R)) = 277(a) < log[A : o(R)},

if A < \ .

1. Canonical shift

In [9], Ocneanu defined a very nice *-endomorphism for the tower of the

relative commutant algebras for the inclusion A c M of type IL-factors with

the finite index.
First we shall recall the definition and main properties of the canonical shift

on the tower of relative commutants [9].

Let M be a finite factor with the canonical trace x and A a subfactor of

M such that [M : N] < +00 . Then the basic extension Mi = (M, e) is a II r

factor with the X = [M : A]_1-Markov trace [6] and there is a family {m,} c M
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which forms an "orthonormal basis" in M with respect to the A valued inner

product Ex(xy*) (x, y e M), that is, each x e M is decomposed in the
unique form as follows [9, 10]:

x = ]P EN(xm*)mi.
i

Iterating the basic construction from N c M, we have the standard tower

M_! = NcM0 = McMx = (M0 ,eQ)cM2C---.

Here, e¡ is the projection of L2(Mj, xf) onto L2(Mj_x, T/_i) and t, is the

A-Markov trace for M¡. Then from the family (e¡)¡ the projection e(n, k) is

obtained and

M„_k cMnc Mn+k = (Mn , e(n, k))

is an algebraic basic extension [9, 11]. Furthermore it is obtained in [9] that the

"orthonormal basis" in M„ with respect to Mn_k-valued inner product from

the family of the basis in (Mf)¡.
Let Aj = M' n Mj for all ; . The antiautomorphism y¡ of Ä2j = M' n M2j

defined by
yj(x) = JjX* Jj,       x£A2j,

is called the mirroring, where 7, is the conjugate unitary on L2(M¡, xf). Then

for all x e M' n t\/2j , the following expression of the mirrorings is given:

yj(x) = [Mj : M] ^ E(em^x)em¡,

i

where E is the conditional expectation of M2j onto M, e is the projection of

L2(Mf) onto L2(M) and (w,), a module basis of A/) over M. The expression

implies that the mirrorings satisfy the following relation: yj+x • y¡ = y, • y;_i,"
for all j > 1 on A2j-2 • In the view of this relation, the endomorphism Y of

(J„ An can be defined by Y(x) = Yj+i(yj(x)), for x e A2j. Ocneanu called the

endomorphism Y the canonical shift on the tower of the relative commutants.

In the case of inclusions of infinite factors, similar *-endomorphisms are in-
vestigated by Longo [8]. The mapping Y has the following properties; for any

k, n > 0 with n > k, Y(Mk n M„) = M'k+X n Mn+2.
Now, we shall consider the finite von Neumann algebra A generated by the

tower (Aj)j and extend T to a trace preserving *-endomorphism of A as

follows.
Since A c M are IIi-factors with [M : N] < +oo, there is a faithful normal

trace on U ■ Mj which extends the canonical trace x on M. We denote the

trace by the same notation x.

Although Mj+X is defined as a von Neumann algebra on L2(M¡, xf), each

Mj can be considered as von Neumann algebras on the Hubert space L2(M, x).

Hence \J Aj and (J Mj can be considered as von Neumann algebras acting on

L2(M,x). Let

^oo = ju^7J »    ¿ = |lkj •

Then M^ is a finite factor with the canonical trace which is the extension of

t . We denote it by the same notation x. Then A is a von Neumann subalgebra
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of Moo ■ Since Y is a ultra-weakly continuous endomorphism of [J • Aj, Y is

extended to a *-endomorphism of A .

Although, in the case discussed by Ocneanu, for all k, the mirroring yk is

a trace preserving map thanks to the assumption A' n M = Cl, in general,

the mirrorings are not always trace preserving. However, the canonical shift is

always trace preserving.

Lemma 10. For every k, yk+x • yk is a x-preserving isomorphism of M' n M2k

onto M'2 n M2k+2 ■ Furthermore, if EAfex) = X (for example N' n M = Cl),
then y¡ is a trace preserving antiautomorphism of vl2j for all j.

Proof. By the definition, it is obvious that

Yk+i • 7k(M' n M2k) = yk+i(M' n M2k) = M'2 n M2M.

In order to prove that x(yk+x • yk(x)) = x(x) for all x £ M' n M2k, it is

sufficient to prove that x(yk+x(x)) = x(yk(x)), for all x e M' n A72fc . Because

of [M : N] < oo, A7' n B(L2(Mk, x)) is a finite factor [6]. Let (w,), be

an "orthonormal basis" in Mk+X with respect to the Mk -valued inner product

EMk(xy*), for x, y e A/¿+1 . Every £ e L2(Mk+x, x) is written in the form

Ç = £¿¿;,«j, (& e 72(A/fc, t)). We shall embed an x e B(L2(Mk, x)) into

B(L2(Mk+x, x) by x£ = ¿~2¡ x(£,)m,. Then M'nB(L2(Mk , x)) is considered as

a subfactor (with the canonical trace ip) of the finite factor M'r\B(L2(Mk+x, x))

with the canonical trace tp. Hence, for an x e M'nM2k c M'nB(L2(Mk , x)),
we have

x(7k(x)) = y/(x) = 4>(x) = x(yk+x(x)).

Assume that EAi(ex) = A = [M : N]~x . Then by [9 and 10], this implies that

X2j+2(X) = XM'r\B{L2(MJ+x,Tj+x))(x)

for all x e M' nM2j+2 , where t, (resp. xif) is the canonical trace of M¡ (resp.

factor 7). Let x € M' n A/2j. Since M' n M2j c M' n M2>+2 ,

T27+2(77+l(^)) = XM'nB(LHMj+x ,tJ+1)(x) •

This implies that

T2;+2(7J,'+l(x)) = T2y+2(x).

Thus the mirroring y,+i is a trace preserving antiautomorphism of A2j+2.   D

By Lemma 10, the canonical shift Y on the tower of the relative commutants

(Aj)j of Af is extended to a r-preserving '-endomorphism of A . We call the

*-endomorphism of A the canonical shift for the inclusion M D N and denote

it by the same notation Y.

We will show the canonical shift Y is a 2-shift on the tower (A¡)¡ for A .

Lemma 11. Let L be a finite von Neumann algebra with a faithful normal trace

x, x( 1 ) = 1. If M is a subfactor of 7, then

x(xy) = x(x)x(y)       (x e M, y £ M' n 7).

Proof. Let E he the conditional expectation of 7 onto M conditioned by x.

For x £ M and y e M' n 7,

EM(y)x = EM(yx) = EM(xy) = xEM(y),



ENTROPY FOR CANONICAL SHIFTS 841

which implies EM(y) £ M' C\M. Since M is a factor, E\f(y) = x(y). Hence

x(xy) = x(EM(xy)) = x(xEM(y)) = x(x)x(y).   □

Proposition 12. The canonical shift Y for the inclusion N c M satisfies the

conditions (I), (2) and (3) for 2-shifts. If EAfex) = [M : N]~x, then Y is a
2-shift on the tower (Aj)j for A .

Proof. Since [M : N] < +00, for all j, Aj = M' n A/) is finite dimensional
[6]. For all natural numbers j and k,

Yk(Aj) = Yk(M' n Mj) = M'2k n MJ+2k .

This implies

{Aj, Y(Aj),..., Ym(Aj)}" cM'n Mj+2m = Aj+2m .

For each j, let kj = [|] + 1. If rn>kj, then

Ym(AJ) = M2mnMj+2mcA'J.

Combining this with Lemma 11, we have that (k¡)¡ satisfies the condition (2)

for 2-shifts. It is proved in [13] that Em'dMjEmí = EM'nMk, for k < i < j.

This implies that

EajEt(Aj) — EM'nMjEM!,nMj+2 = Em^MjEmjEm^m^

— EmtiMjEm^oMj = Er(Aj_2) ■

Hence Y satisfies (1), (2), and (3) in Definition 1 for « = 2.

Assume that EAfex) = [M : N]~x. Then by Lemma 10, the mirroring yj+x

is a trace preserving antiautomorphism of A2j+2 ■ Since T(^2;) = yj+x(A2j), Y
is a 2-shift on the tower (Aj)j.   D

Next, we shall show the entropy 77(T) of the *-endomorphism y of A is

always dominated by log[M : A].

Lemma 13. Let B = A n N for von Neumann subalgebras A and N of a finite

von Neumann algebra M satisfying the commuting square condition: EAEN =

ENEA = EB ■ Then, H(M\N) > H(A\B), X(M, N) < X(A , B).

Proof. By the commuting square condition, we have En(x) = Eb(x) for all

x £ A . Hence

H(M\N) =    sup   Y[xnEN(Xi) - t«(x,)]
x6S,nW~

>    sup ^ y^xnE^Xi) - xn(Xi)] = H(A\B),

and

x€Sxr\A '  .

X(M, N)= max{A: EN(x) > Ax,x £ M+}

< max{A: Ep(x) > Ax, x e A+} = X(A, B).

Let B and C he the von Neumann subalgebras of A defined by

B = f \J(M'X n Mj) I    , C = ( [J(M{ n Mj)
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Theorem 14. Let Y be the canonical shift for the inclusion N c M of type

Ylx-factors with [M : N] < oo. Then

tf(r)=iimH<M;nM*>.
k—»oo k

IfEA¡(ex) = [M:N]-x,then

H(A\C) <2H(Y) <logX(A, C)~x =2H(M\N) = 2log[M : N].

Proof. The shift Y satisfies conditions (1) and (2) for 2-shifts. Hence by The-

orem 1,

//(r)=hm^2^.
k—»oo       k

Assume that EAfex) = [M:N]~x. Then the canonical shift Y is a 2-shift on

the tower (Aj)j of the relative commutants of M by Proposition 12. For the

projection e¡ of L2(M¡, x) onto 72(Af/_], t) , let p¡ he the central support

of e¡ in Aj . Then, for all j > I,

Aj_x c Aj c Aj+iPj+i

is an algebraic basic extension for Aj_x c Aj and the trace vectors of A¡-X

and Aj+i satisfy the condition (2) in Definition 3 for A = [M : N]~x, [5, 9,
13, 17]. On the other hand, [10, Theorem 4.4] assures that for all j,

2H(M'nMj)<H(Mj\M).

Since

H(Mj\M) < log[Mj : M] = -jlogX,
by [10 and 11], the condition (3) in Definition 3 for (Aj) is satisfied. Hence

the sequence (Af)¡ is a locally standard tower for A2 with period 4. Hence, by

Theorem 8,

H(A\Y(A)) < 2H(Y) < 21og[A7 : A] < logA(^, T^))"1.

Since Y(M'k n Mf) = M'k+2 n Mj+2, we have Y(A) = C. Hence,

H(A\C) < 2H(Y) < 2 log[M : N] < logX(A, C)~x.

Every factor Mj can be considered as a von Neumann algebra on L2(M, x)

by Jones' method [6]. Then as von Neumann algebras on L2(M, x), for all j,

Em'c\m¡Em[ = Em^Em'hMj = EM¡r\Mj

Since A is generated by the tower (M'DMj)j and C is generated by the tower

(M2 n Mj)j, it follows that EaEm' = Ec , where all algebras are considered as

von Neumann subalgebras of a finite factor M' on L2(M, x). By Lemma 13,

this implies A(AÍ2, Af) < X(A, C). Since M and A are factors, A(Af, A)-1 =
[M : N]. On the other hand, Jones proved that M' d M2 are finite factors

with [Af' :M'2] = [M2:M] = [M: A]2 . Hence

X(A, Y(A))~X = X(A ,C)~X = 2[M : N].

The condition that EAx (ex) = [M : N]~x is equivalent to H(M\N) = log[Af : A]
[10]. Hence we have

H(A\C) < 2H(Y) < logX(A, C)~x = 21og[A/ : A] = 2H(M\N).   G

The above simple proof, where the condition (3) in Definition 3 for the

sequence (Aj)j was used, was indicated by F. Hiai.

As an immediate consequence, we have
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Corollary 15. Under the same conditions as in Theorem 14, let A be a factor.

Then

H(A\C) < 2H(Y) < 21ogL4 : B] = 21og[A7 : A].

Corollary 16. Let Y be the canonical shift for the inclusion N c M of type

ïli-factors with [M : N] < oo. If N' n M = Cl, then

H(Y) < H(M\N) = log[M : N].

For a pair N c M of hyperfinite type II i-factors with [A7 : A] < oo, Popa

says that A c M has the generating property if there exists a choice of the

standard tunnel of subfactors (Nj)j such that M is generated by the increasing

sequence ( Aj n M)¡.

Corollary 17. Assume that N c M has the generating property. If 7iVrw(£o) =

[Af: A]-1, then

H(M\N) = H(Y) = log[M : N].

Proof. By [6], we consider all Mj as factors acting on L2(M, x). Let J be the

canonical conjugation on L2(M, x), For each j, let Nj = JM'jJ. Then the

mapping O defined by <P(x) = JxJ is a trace preserving anti-isomorphism

[13] such that 9(A) = (IJ/Aj n Af))" and 9(B) = (IJ/Aj n A))" because

£/vtim(£o) = [Af : A]-1. Although, the tunnel of subfactors is not uniquely

determined, the pair of algebras of relative commutants is unique up to isomor-

phism [13], that is, let M D N D Nx d • • ■ and Af d N d Px d • • • be two
choices of the standard tunnels, then there exists a trace preserving isomorphism

*F such that

W (U^'nAf))   ) = [[J(P;nM)

and

W l\J(N'jf)N)\   ) = (UCPjnA)

Since A c Af has the generating property, we have a trace preserving antiau-

tomorphism of Af onto A which transpose Nx  onto C.  Hence H (A \C) =

H(M\NX). lfEN.n»t(eo) = W : A]"1, then H(M\NX) = log[M : A,] [11].
Hence by Theorem 14,

H(M\N) = H(Y) = log[M : A].   G

As a sufficient condition for the two assumptions in Corollary 17, Ocneanu

[9] introduced the following notion for a pair A c Af with A' n Af = Cl,

and Popa [13] extended it to general cases. The inclusion A c Af of type II i-

factors with [Af : A] < +00 is said to have the finite depth if sup7(/c/) < +00 ,

where kj is the cardinal number of simple summands of Af' n Af,.

Remark 18. If the inclusion A c Af of type IL-factors with the finite index and

finite depth, then the tower (Aj)j of relative commutants satisfies the bounded

growth conditions.

If an inclusion A c Af has the finite depth, then EN<nM(eo) = [M : A]-1
and A c Af has the generating property [13]. Hence we have
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Corollary 19. Let N c M be type IIx-factors with the finite index and the finite

depth. Let Y be the canonical shift for A c Af. Then

H(M\N) = H(Y) = log[M : N].

Remark 20. In Corollary 18, the shift Y is considered as an *-endomorphism

of the algebra A generated by the tower (Aj)j of the relative commutants of

Af. Since A c Af has the finite depth, the shift Y induces a trace preserving

*-endomorphism of Af which sending Af to the subfactor P in such a way

that P c A c Af is the algebraic basic extension forPcN. Then the
*-endomorphism of Af has the same property as Y.

In the rest of this section, we shall show that the canonical shift has an ergodic

property, which is similar to the canonical endomorphism in [7]. Therefore the

canonical shift is a shift in the sense due to Powers [14].

Proposition 21. Let N c Af be type IIx-factors with the finite index. Then the

canonical shift Y for N c Af satisfies that

Ç\Yk(A) = Cl.
k

Proof. The von Neumann algebra A is contained in the type Hi-factor Af*, =

(\Jj Mj))" with the canonical trace x which is the extension of x. Let take an

x £f)xYk(A). For any e > 0, there exists an integer k such that ||x-x^.||2 < e

for some xk £ Ak . Let E be the conditional expectation of Af^ onto Mk .
Since x £ Yk(A) c M'k nMx , for any y £ Mk , 7i(x)y = E(xy) = yE(x). This

implies E(x) £ Mk D M'k , that is, E(x) = x(x). On the other hand, xk e Mk .
Hence

\\x - x(x)\\2 < \\x - xk\\2 + \\xk - E(x)\\2 < 2e.

This means, x e Cl .    G

8. Extension of canonical shift

In this section, we shall show that the canonical shift Y is extended to an

ergodic *-automorphism O of a larger von Neumann algebra in such a way

that H(Y) = 77(6).
Let A c Af be type IL-factors with [Af : A] < oo . Let

Af_! = A c Af = Afo C Afi = (Af, e) c • • • c M}■ = (Mj_xej-X) C • • •

be the standard tower obtained from A c Af. Let Af^ be the finite factor
generated by the tower (A/))7.

Proposition 22. Let N c Af be type IIx-factors with the finite index and x the

canonical trace of M. Let o be a *-isomorphism of M onto N. Then the

following statements are equivalent :

(1) There exists a *-isomorphism ox of Mx onto M such that for all x £ M,

ox(x) = o(x).
(2) There exists a projection e e Af such that o(N) = {eJ'nJV and EN(e) =

Al = [Af : A]"1.
(3) There exists a projection e £ M such that for all y £ N, eye = EaiN)(y)e,

x(ey) = Xx(y), and M is generated by N and e as a von Neumann algebra.
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(4) There exists an automorphism 6 on M^ such that for all x e Af and

all j, 6(x) = a(x) and 8(e,) e Mj.
(5) The decreasing sequence M D A d a(N) D ••• D aj(N) D •••   is a

standard tunnel.

Proof.   (1) =>• (2).  Let e = ai(en), where en is the projection of L2(M, x)

onto L2(N, x). Since a must be T-preserving, for all x e Af,

o(EM(x)) = Ea(M)(o(x)).

By [6], EM(e0) = XI and A = {e0}' n Af. Hence (2) holds.
(2) => (3). The projection e in (2) satisfies that eye = Eai^N)(y)e for all

y £ N and Af = {A, e}" by [11]. If y e A, then

T(<?y) = x(Ea[N)(y)e) = x(Ea(N)(y)EN(e)) = Xx(y).

(3) =*•(!). We put

ox í ya¡eobi J = ]T o(ai)eo(b¡),

for a,-, bi £ M. The map a is a well-defined *-homomorphism.

In fact, assume z = £,- «/^rA = 0 • Since a is trace preserving,

Hzll2= Y,t(bïeoa*aje0bj)
i, j

= yx(eoEN(a*aj)EN(bjb¡))
i,j

= xyx(Ea(N)(o(a*)o(aj))Ea(N)(o(bj)o(bï)))

i,j

= Yjx(eEa(N)(o(aiyo(a]))o(bj)o(b*))
> .>

YJo(ai)eo(bi)
i

Thus ox is extended to a '-isomorphism of Mx onto Af. By the definition,

for all a £ M, a (a) = ax(l) = ox(a) = ox(l)o(a) and eax(l) = ox(ef) =
ox(l)e, because ox is a '-isomorphism of Afi onto M. Since the factor Af

is generated by N and e, the projection ox ( 1 ) = 1. Hence for all x £ M,

ox(x) = ai(xl) = a(x).
(1) => (4). Let us consider the '-isomorphism ox of Afi onto Af such

that ox(x) = a(x) for all x e Af. Then the projection en € Af] satisfies

that ai(Af) = A = e'0 n Af and EM(ef) = XI. Hence the above discussion

implies that there exists a '-isomorphism a2 of Af2 onto Afi suchthat a2(x) =

ai(x) for x e Af i. Iterating this method, we have the sequence (o¡)¡ of *-

isomorphisms of M¡ onto Af/_i such that a7(x) = cr/-i(x) for x e Afy_i.
For any y e IJ, Af,, let &(y) = Oj(y) if y £ Mj. Then 9 is extended to the

(we denote it by the same notation O) mapping of M^ . The mapping 8 is

an automorphism and 8'(x) = t(x) for x € M^ and 8(e7) = o(e¡) e A/).
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(4) => (1). The automorphism 8 satisfies that 8(Af) = A and 8(e0) e Af.
Hence 8 is an automorphism of A7 onto Af such that 8(x) = a(x) for

x e Af.
(3) => (5). Let us take such a projection e as in (3). If z e cr(A) satisfies

ze = 0, then 0 = ||ez||2 = A||z||2. Hence z = 0. Clearly, Af is an algebraic

basic extension for a(A) c A. Let o'(e) = e_, and A, = a'(N). Then

A, D Ni+i D Ni+2 is an algebraic basic extension for A,+i D A,+2 .

(5) =>■ (3). Since the tunnel is standard, there is the basic projection e £ M

for a(A) c N. The projection e satisfies the conditions (3).   G

Definition 4. Let a be a '-isomorphism of a type IL-factor Af onto a subfactor

A with the finite index. If a satisfies the equivalent conditions in Proposition

22, then we call a a basic '-endomorphism for the inclusion A c Af.

Let a be a basic '-endomorphism of the inclusion A c Af of type II i-

factors with the finite index. Let 7, = Af n oj(M)'. Then (Pf)¡ is an increas-

ing sequence of finite dimensional von Neumann algebras. Let P be the von

Neumann algebra generated by (P¡)j. Then P is a von Neumann subalgebra

of Af and we have the following

Proposition 23. Let o be a basic *-endomorphism for the inclusion N c Af of

type IIx-factors with the finite index. Then,

H(a)=XXmmsipm.
k^oo k

Assume that EN^M(e) = [M : N]~x for a basic projection of o(N) c N. Then

om is a m-shift on the tower (Pj)j for P for all even number m and satisfies

the following relations. For all even m,

H(P\om(P)) < 2mH(o) < logX(P, om(P))~x = m log[M : N].

Proof. The condition (1) is obviously satisfied. For every j , put kj = [£] + I.

Then by Lemma 11, (2) for «-shift is satisfied. Hence we have the first equality.

Since (o'(M))j is a standard tunnel, (ojn(M))j is a standard tunnel. Hence

the commuting square condition (3) is satisfied [13]. We take the mirroring y

defined by the conjugation on L2(a"(-'+1'(Af)). Then by a similar method as in

the proof of Lemma 10, y is the trace preserving antiautomorphism of 72„(/+i)

such that y(P2nj) = <*ln(P2nj), because a is a basic '-endomorphism. Hence

a2" is an 2«-shift on the tower (Pf)j for P, and by Theorem 8 and [2], for

all «,
H(P\o2n(P)) < 2H(o2n) = 4nH(o).

Let Pj be the central support of the projection e_; in P¡ which satisfies that

o-i(M) = e'_j n oi~2(M). Then the inclusion Pj+X c 77+2p/+2 is an algebraic

basic construction corresponding to Pj c Pj+X via Pj+X ~ 7/+2p;+2. This

means that (Pj)j is a locally standard tower with a period 2, for A = [Af : A]-1

that is, with every even number as a period. Hence

277(am)<logA(7, om(P))~x ,

for all even m . Since EpEar,(M) = 7CT-.(/>), by Lemma 13,

logA(7, o"(P))-x <logA(Af, a^Af))"1 =Iog[Af : a"(Af))] = «log[Af : A].

Thus we have the stated inequality.   G
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Corollary 24. Let o be the same as in Proposition 23. Then

277(a) < log[Af : A].

Furthermore, if the inclusion A c Af has finite depth, then

H(M\N) = 2HM(o) = 277(a) = log[Af : A],

where HM(o) is the entropy of o asa '-endomorphism of M.

Proof. The first inequality is clear by Proposition 23. Assume that the inclusion

A c Af has finite depth. Then it is proved in [13] that there exists a choice

of the standard tunnel (A,), such that Af is generated by {A/ n Af},. Since

(a'(Af)), is also a standard tunnel of subfactors, there exists a trace preserving

'-isomorphism of Af onto P carrying A onto o(P) [13]. The finite depth

assumption implies that En'^m^n) = l/[Af : N] by [13]. Hence log[Af : A] =
H(M\N) by [10]. On the other hand, H(M\on(M)) = H(P\on(P)) for all « ,
because a is a trace preserving '-endomorphism of Af. Hence

H(M\on(M)) = log[M : on(M)] = n log[M : N].

By Proposition 23,

H(M\N) = 2HM(o) = 277(a) = log[Af : A].   G

As an example of a basic '-endomorphism, we have the '-endomorphism a

in Example 2.

We shall show that another typical example of a basic '-endomorphism is

the canonical shift on the tower of relative commutants in §7.

Proposition 25. Let M D N be type \\x-factors with the finite index and finite

depth. Then the canonical shift Y for the inclusion M D N is a basic *-
endomorphism of A = (U,-(Af' n Mj)¡)".

Proof. If Af D N has finite index and finite depth, then A is a finite factor
which is anti-isomorphic to Af. Let C be the subfactor Y (A). Then [A :

C] = [M : N]2. To prove that Y is the basic '-endomorphism of A , we have

to show the existence of a projection in A which satisfies the statement (2) in

Proposition 22. Let / be a projection in Af4 such that M4 is generated by

Af2 and /. Then

M\ n Mj = {/}' n M'2 n Af,

for all ; > 4. By the definition of A and the property of Y, Y(C) = {/}' n C .
Since / is the basic projection for the standard tower Af c Af2 c Af4 and

A c Af has finite depth, by [13],

Ec(f) = [M:N]2 = [A:C].    G

In [2], we proved that some kinds of '-endomorphisms are extended to er-

godic '-automorphisms of larger algebras with same values as entropies. Here

we shall show this also holds for the canonical shifts.

Let R he the von Neumann algebra generated by the standard tower obtained

from A D Y(A). Since Y is a basic '-endomorphism of A, there exists a *-

automorphism of 7? which is an extension of Y. We denote it by 8.
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Theorem 26. Let A c Af be type IIx-factor with finite index. Then the automor-

phism 6 induced by the canonical shift Y for the inclusion N c Af is ergodic.
If N c Af has finite depth

H(M\N) = 77(8) = H(Y) = log[M : N].

Proof. Let us take an x e R such that 8(x) = x . By considering the standard
tunnel obtained through Y,

■ ■■ C Nk = M_k C • • • C Ai = A = Af_i c Af0 = Af c Afi C • • • C Mj C • • •

we observe that R is generated by \Jkj(N'k n Af/). Then for any e > 0 there

are k and ; such that ||x-x'||2 < e for some x' e N'kr\Mj. Since 8 is trace

preserving, ||x' - 8(x')||2 < 2e. On the other hand 8m(x') e N'k_2m n Mj+2m

for all m and (N'k_2mf]Mj+2m)n(N'knMj) = Cl for a large enough m . Hence

x e Cl. Assume that A c Af has finite depth. Then 8 is a 2-shift on the
tower (M'_knMj)kj for R by the same proof as one for Y. Since M'_k\~\M¡

is isomorphic to Aj+k , we have by Theorem 1,

u,^      r     H(M'_kX-)Mk) H(M'nM2k)      __,_77(8) = hm -j-= hm —-;-— = H(Y).
k^oo k k k v

Hence we have the relation by Corollary 24.   G
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