TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 334, Number 2, December 1992

ENTROPY FOR CANONICAL SHIFTS

MARIE CHODA

ABSTRACT. For a *-endomorphism ¢ of an injective finite von Neumann alge-
bra A, we investigate the relations among the entropy H(o) for o, the relative
entropy H(A|o(A4)) of a(A) for A, the generalized index A(A4, g(A4)), and
the index for subfactors. As an application, we have the following relations for
the canonical shift T' for the inclusion N C M of type II; factors with the
finite index [M : N],

H(A|T(A4)) < 2H(T) < logA(4, T'(4))™" = 2log[M : N],

where A4 is the von Neumann algebra generated by the two of the relative
commutants of M . In the case of that N C M has finite depth, then all of
them coincide.

1. INTRODUCTION

The notion of the entropy for *-automorphisms of finite von Neumann al-
gebras is introduced by Connes and Stermer [3]. In the previous paper [2], we
defined the entropy for *-endomorphisms of finite von Neumann algebras as
an extended version of it. It is possible to define the entropy for a general com-
pletely positive linear map o using results in [4] by a similar method. However,
the formula of the definition of the entropy for o implies that the entropy is
apt to be zero if o converges to o when k tends to infinity. A conditional
expectation is a typical example of such a map. For that reason, interesting
completely positive maps a for us to discuss the entropy are those which have
the property that o* goes away from o as k tends to infinity.

In this paper, we shall study such a class of *-endomorphisms of injective
finite von Neumann algebras.

In §3, we introduce, for a *-endomorphism ¢ of an injective finite von
Neumann algebra A4, the notion of an n-shift on the tower (4;); of finite
dimensional von Neumann subalgebras of 4 which generates 4 and we obtain
the formula of the entropy H(ag) for an n-shift o.

In the work [9] on the classification for subfactors of the hyperfinite type II;-
factor, Ocneanu introduced a special kind of *-endomorphism which is called
the canonical shift on the tower of relative commutants. The *-endomorphism
I' is a generalization of the comultiplication for Hopf algebras and is also con-
sidered the canonical shift on string algebras. The *-endomorphism I" has
similar properties to the canonical endomorphism of an inclusion of infinite
von Neumann algebras due to Longo [7, 8].
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The canonical shift I' naturally induces a 2-shift for the injective finite von
Neumann algebra A generated by the tower (4;); of relative commutants and
the entropy H(I') is determined by the following

. H(Ay)
(D) = Jim S

For a *-endomorphism ¢ of a von Neumann algebra A, the entropy H(o)
is a conjugacy invariant, that is, if there is an isomorphism 6 of A4 onto a von
Neumann algebra B such that 0o = ¢6 for a *-endomorphism ¢ of B, then
H(o) = H(¢). On the other hand, two conjugate *-endomorphisms ¢ and
¢ of A give two conjugate von Neumann subalgebras o(A4) and ¢(A4) under
automorphisms of 4.

In [10], Pimsner and Popa introduced two conjugacy invariants for von Neu-
mann subalgebras. One is the relative entropy H(A|B) for a von Neumann
subalgebra B of a finite von Neumann algebra A, which is defined as an ex-
tended version of one for finite dimensional algebras due to Connes-Stgrmer
[3]. The other is the generalized index A(A, B), which plays a role like the
index for subfactors due to Jones [6]. In fact in the case of factors B C A4,
A(A4, B)~! is Jones index [A4 : B]. We shall investigate relations among these
invariants.

In §4, we restrict our attention to finite dimensional von Neumann algebras.
We need these results later. The Jones index for a subfactor N of a finite factor
M is given as 1/t(e) for the projection e of L?(M) onto L*(N) where t©
is the trace on the basic extension algebra of N C M. In the case of finite
dimensional von Neumann algebras, we shall show that the generalized index
A(, )~! coincides with Jones index in such a sense.

In §5, we show that in general the following relation holds for an n-shift o,

H(A|o(A4)) < 2H (o).

A condition under which the equality holds is also given.

In §6, we obtain the relation between H(cg) and A(A4, g(A)), the generalized
index. We define a locally standard tower for a for an increasing sequence
(4;); of finite dimensional von Neumann algebras. The tower (4;); of relative
commutants for the inclusion of finite factors N C M satisfies this condition.
If a *-endomorphism ¢ of A4 is an n-shift on a locally standard tower for o
which generates A4, then we have the following:

H(A|o(A)) <2H(o) < —loga < logA(4, a(4))~!.

In §7, we shall apply the above results to the canonical shift I" for the tower
of relative commutants. Let N ¢ M be type II;-factors with the finite index.
Considering the tower (M;); of factors obtained by iterating Jones basic con-
struction from N C M, we obtain the increasing sequence (4; = M’ N M;);
of finite dimensional von Neumann algebras. The *-endomorphisms I' is de-
fined on the algebra |J; 4; as a mapping such that I'(M; N M;) = M; , N M;,,
for all kK < j. First, we remark that I' is extended to the trace preserving
*-endomorphism of the finite von Neumann algebra 4 = (J;(4;)”. The *-
endomorphism I" has an ergodic property that

) =C1,
k
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and satisfies all the conditions of the definition for a 2-shift, except one. In order
for I" to satisfy all the conditions for a 2-shift, some additional requirement is
needed, and in such a case the generalized index A(A4, I'(4)) is determined by
[M: N],
MA,T(A)~' =2[M: N].
For example, in the case where N'NM = C1, I' is a 2-shift and the following
relation holds
H(AT'(A)) <2H(T') < 2log[M : N].

Furthermore, if the inclusion N C M has finite depth [9, 13], then we have
H(M|N) = H(I) = log[M : N].

In §8, we discuss conditions for a *-endomorphism ¢ of a factor M to be
extended to an automorphism 6 of a factor containing M so that H(o) =
H(0). If the inclusion N C M has finite depth, then I' is extended to an
ergodic *-automorphism © which satisfies the following:

H(MI|N) = H(®) = H(T) = log[M : N].

2. PRELIMINARIES

In this section, we shall fix the notation and terminology used in this paper.
Throughout this section M will be a finite von Neumann algebra with a fixed
normal faithful trace 7, 7(1) = 1. We equip M with the structure of a pre-
Hilbert space by (x, y) = t(xy*). Let ||x|| = t(x*x)"/? and let L>(M, 1) by
the Hilbert space completion of M. Then M acts on L?>(M, 1) be the left
multiplication. The canonical conjugation on L2(M, 1) isdenoted by J = Jy, .
It is the conjugate unitary map induced by the involution * on M. For a
von Neumann subalgebra N of M, let ey be the orthogonal projection of
L?(M, 1) onto L?(N, 7). Then the restriction Ex of ey to M is the faithful
normal conditional expectation of M onto N.

The letter n designates the function on [0, co) defined by #n(f) = —tlog?.
For each k, we let S; be the set of all families (x;, i,,..,i)ien Of positive
elements of M , zero except for a finite number of indices and satisfying

Z Xip, i = 1.

I ,...,ij,...,ik

For xe€S;,jel,2,...,k and i; € N, put
X{j = Z Xiy iy ey ig -
i|,‘..,l.j_|,l'j+1,...,ik
Let N;, N5, ..., N; be finite dimensional von Neumann subalgebras of M .
Then
H(N,, ... Su}) Z nT(Xi,, . i —Z ZtnENj(x,’)
X i i

Let o be a 7-preserving -endomorphlsm of M and N a finite dimensional
von Neumann subalgebra of M , then

H(N, o) = kli_)m LH(N, a(N), ..., a*"1(N))




830 MARIE CHODA

exists by [2]. The entropy H(og) for ¢ is defined as the supremum of H(N, o)
for all finite dimensional subalgebras N of M .

If there exists an increasing sequence (N;); of finite-dimensional subalgebras
which generates M , then by [2]

H(o) = lim H(N;, o).
Jj—oo
The relative entropy H(M|N) for a von Neumann subalgebra N of M is
defined [10] as an extension form of one [3] by

H(MIN) = Sup D _en(xi) = TnEn(x)].

This H(M|N) is a conjugacy invariant for subalgebras of M . Another con-
jugacy invariant A(M, N) is introduced in [10] as a generalization of Jones
index by

MM, N)=max{A>0; Ex(x) > Ax,x e M,}.

For an inclusion N C M of finite von Neumann algebras, the von Neumann
algebra on L2(M , 1) generated by M and e = ey is called the standard basic
extension (or basic construction) for N C M and denoted by M; = (M, e).
Then by the properties of J = Jy, and e = ey, we have M, = (M ,e)=JN'J
[6]. If M, is finite and if there is a trace 7; on M) such that 7,(xe) = At(x)
for all x € M, then the trace 1, is called the A-Markov trace for N c M. If
M D N are factors and there is the A-Markov trace of M, for N C M, then
Jones index [M : N]=Ai"! [6].

We shall call an increasing sequence (M;);en of von Neumann algebras a
standard tower (cf. [5, 9, 13]) if M;_; C M; C Mj,, is the basic construction
obtained from AM;_; ¢ M; for each ;.

Let L be a finite factor containing M . We shall call L an algebraic basic
construction for the factors N C M if there is a nonzero projection e € M
satisfying

(i) exe = Ex(x)e for x € M, and

(i1) L is generated by ¢ and M as a von Neumann algebra.

In this case, there is an isomorphism ¢ of M), onto L such that ¢(eny) =e
and ¢(x) =x forall x e M [I11].

We shall call such a projection e a basic projection for N C¢ M and a de-
creasing sequence (N;)jcn of finite factors a standard tunnel (cf. [5, 9, 13]) if
Nj_1 D N; D Nj;; is an algebraic basic construction for N; > N;,; for each

J-

3. ENTROPY OF n-SHIFT

In this section, we shall give the definition of n-shifts and a formula of the
entropy for n-shifts. Let A be an injective finite von Neumann algebra with
a fixed faithful normal trace 7, with 7(1) = 1. Let (4;);=1,2,.. be an in-
creasing sequence of finite dimensional von Neumann algebras such that 4 =
the weak closure of J ;A4 = {4; : j}'. Assume that ¢ is a t-preserving *-
endomorphism of 4. Then ¢ is an ultra-weakly continuous, one-to-one map-
ping with g(1)=1.
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Definition 1. Let n be a natural number. A t-preserving *-endomorphism ¢
of A is called an n-shift on the tower (A4;); for A if the following conditions
are satisfied:

(1) For all j and m, the von Neumann algebra {4;, o(4;), ..., c™(4;)}"
generated by {o/(4;); j=0,..., m} is contained in Ajinm -

(2) There exists a sequence (k;)jen of integers with the properties

nkj—j

lim — =0,
J—oo J
and
xa"(y)=a"()x, (26 (x)) = 7(2)1(x),
forall /eN, x,y€d;, mek;N and z € {4;, a5(4;), ..., a""Dk(4;)}".

(3) Let Ep be the conditional expectation of 4 onto a von Neumann sub-
algebra B of A. Then for j>n, EqEs4,) = Eg4,_,)-

(4) For each j, there exists a 7-preserving *-automorphism or antiautomor-
phism B of Aj,, such that g(4,;) = B(As)).

Remark 1. The number »n of an n-shift depends on the choice of the sequence
(Aj); . Every given n-shift can be 1-shift on a suitable tower for the same von
Neumann algebra.

Example 1. Let S be the *-endomorphism corresponding to the translation by
1 in the infinite tensor product R = @;n(M;, tr;) of the algebra M; of mxm
matrices with the normalized trace tr; on M; for each i € N. For each j, let
Aj = @!_,(M;, tr;). Then for all n, S" is an n-shift on the tower (4;); for
R

In fact, for an n € N, let k; = [ﬁ] + 1. Then (kj); satisfies the following
properties (2’) which are stronger than (2):

lim "= g,
J—oo J
and
xa™(y)=a"(y)x,  1(z0™(x)) = 1(2)7(x),
forall /leN, x,yed;, kj<k, mekN and
z e {Aj, O’k(Aj), e O'k(l_l)(Aj)}”.

It is obvious that other conditions are satisfied by S”.

Example 2. Let (e;); be the sequence of projections with the following prop-
erties for some natural number k and A € (0, 1Ju {4 cos?(n/n); n >3},

(a) eeje; = /16’,‘ if |l —jl =k ,

(b) €ej = ¢€;e; if |l —jl 75 k s

(c) (ej); generates the hyperfinite type II;-factor R,

(d) t(we;) = At(w) for the trace t of R and a reduced word w on
{1, [ P e,~_1}.

Let A; be the von Neumann algebra generated by {e|, ..., e;}. Then, by
[6], 4; is finite dimensional. Let o be the *-endomorphism of R such that
g(e;) = eiyy [1]. Then ¢” is an n-shift on the tower (4;); of R forall n. In
fact, foran ne N, let k; = [%"] + 1. Then (kj); satisfies properties (2') in
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Example 1. The conditions (3) and (4) are satisfied by using results in [6 and
1].

In §7, we shall show that the canonical shift due to Ocneanu is a 2-shift on
the tower of relative commutant algebras.

Theorem 1. If a 1-preserving *-endomorphism o of A satisfies the condition
(1) and (2) in Definition 1 for the tower (A;); of A, then
H(o) = lim () (i"").

k—o0
Proof. Theorem 1 is a reformulation of Theorem 9 in [2]. We shall repeat
a proof of it for the sake of completeness. Since A is approximately finite
dimensional, we have by [2]

NN -
H(o) = lim lim 2H(dn;, 0(Anj), - 07 (An))-

Hence, by [2 and 3],

H(o) < limliminf £ H({Ay, .., 0 (4n)}"
J

(% (Ayj), ..., a5 (An))}")

IA

S |
hjr.n lunklnfE[H(Am#n(k—j)) + H(Ayp(j—1))]

_’ﬁ (Ank)
k nk
H(Ank)
%
On the other hand, by the condition (2) of n-shift,
LH(4j,0%(4)), ..., 0% (4)) = H(4;).
Hence by [2 and 3], for a fixed j,
kiH(c) = H(a%)

lim lim iH(Ai, cki(4,), ..., aRk=D(4,))
1

IA

limlim inf
J k

= liminf
k

k
> lim %H(Aj, a4(A4)), ..., a4,
= H(4)).
This implies that
H(A;)) n H(A;) nk; — j
H(o) > —/— = -H(4;) - /- —~L—
( )_ kj j ( J) kj j

By the property of k;, we have

H() > limsup §H(A ;) > limsup w
J J

Therefore
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4. FINITE DIMENSIONAL ALGEBRAS

In this section, M will be a finite dimensional von Neumann algebra and t
a fixed faithful normal trace of M with 7(1) = 1. Then M is decomposed
into the direct summands:
M=y DM,

leK

where M, is the algebra of d(/) x d(/) matrices and K = K, is a finite set.
Then the vector dyy =d = (d(!)),ex is called the dimension vector of M . The
column vector ), = t = (¢(])),ex has t(/) as the value of the trace for the
minimal projections in M, and is called the trace vector of 7. Let N be a
von Neumann subalgebra of M with N =3, ¢ €D Ny . The inclusion matrix
[N = M] = (m(k, ))keky . ick, 1s given by the number m(k, /) of simple
components of a simple M; module viewed as an N, module. Then

dN[N‘—*M]=dM and [N —> Mty =tn.

Here we shall give a simple formula for A(M, N).

By the definition of the basic construction of N C M, there is a natural
isomorphism between the centers of N and (M, e) via x — Jx*J. Hence
there is a natural identification between the sets of simple summands of N and
(M,e). Weput K=Ky =K -

The following theorem assures that in the case of finite dimensional von
Neumann algebras, the constant A(-) plays the same role as the index for finite
factors.

Theorem 2. (1) Assume that there is a trace of (M , e) which is an extension of

1. Then tw (k)
s IN(K)
MM, e), M)™ =max 7= )

(2) If the trace t© of (M, e) has the t(e)-Markov property, then
M(M, e), M)™" = 1/z(e) = I[N — M]|>.
Proof. (1) Let (a(l, k))iek,, ,kek .., D€ the inclusion matrix [M — (M, e)].
Since [M — (M, e)] =[N — MY [6], by the formula in [10],

A(M, e), M)™' = max min{a(/, k), du(D}tu(l)

kek £ L, ey (k)

Since

diys = (dn[N — M))' = [M = (M, e)]d},
we have dy(l) = Y a(l, k)dn(k). It follows that d(l) > a(l, k) for all /
and k. Hence

> minfa(l, k), du(D)}tr ()
!
—Za (1, k)tm(l) = (IN = Mty)(k) = tn(k).

Hence we have

A(M, &), M)~! = max —NK)

kek t(M,e)(k) '
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(2) Let A = 1(e). Then by [6], the following equivalent statements hold:
AIN = MM — (M, e)lty =t
and
AM — (M, )N — Mty =ty
Hence we have
tn=[N< Mty =[N— MM < (M, e)ltm,e) =t (m,e) -

Since 1/A is the Perron-Frobenius proper value of [N — M][N — M]", we
have
1 Ink) 1 _ 1 o 2
A(M, e), M) e o o 8) 2 1) =|[[N—M]|° O

Definition 2. Let N C M C L be an inclusion of finite dimensional von Neu-
mann algebras. Then L is said to be an algebraic basic construction for N ¢ M
if there is a projection e in L satisfying

(a) L is generated by M and e,

(b) xe =ex foran x e N,

(c) If x € N satisfies xe =0, then x =0,

(d) exe = Ex(x)e forall x € M, ((d) implies (b)).

In this case, there is a *-isomorphism of the basic construction M; = JN'J
onto L.

We shall call N ¢ M Cc L a locally algebraic extension of N C M if there
is a projection p € L N L' which satisfies that the inclusion M C Lp is an
algebraic basic construction N C M . '

If L > M > N is alocally standard extension of the inclusion M > N, we
can identity the set Ky with a subset of K; via the equality Ne = e(Lp)e.
Under this identification, we have the following:

Propeosition 3. Let L D M D> N be a locally standard extension of M O N.

Then X
ML, M)™! >maxm1ntN( ).
kekn ek, tr(l)

Proof. Let (a(k, I))iek,, .1ck, = [M — L]. Then by [10],
maxz min{a(k, [), dy(k)}tam(k)

_l -
ML, M) max, tr ()

Since there is a projection p € LN L’ which satisfies that Lp is isomorphic
to the basic extension for N C M, then [N — M) =[M — L,]. Hence we
have, by the same method as in the proof of Theorem 2,

Y min{a(k, 1), du(k)}tas(k) = tw (1),
k

for / € Ky, where we consider Ky as a subset of K; . Thus

l(L M)—l > maX/EKN tN(l)

. O
~ maxek, t(/)

Let

=Y d(I)i(l)log 4d)

IeK
where K =Ky ,d =dy,and t =1y .

N
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Proposition 4. (i) H(M|N) <I(M)-I(N),
(i) H(M , e)|M) =1((M, e)) — (M),
(iii) I(M) < 2H(M) and the equality holds if and only if M is a factor.

Proof. The inequality (i) is an immediate consequence of the following formula
[10]

H(M|N)=I(M N)+ZdN m(k, l)tM(l)logmin{r:éVk(k;), 1},

where (m(k, ), ;=[N — M].

(ii) By the proof of Theorem 2, dy (/) > a(l, k) for all / € Ky and k €
Kyr.e) - 1t follows that H((M , e)|M) = I((M , e)) — I(M).

(iii) Since d(/)t(/) <1 forall / € K, we have I(M) < 2H(M) . The equality
holds if and only if #(/)d(/) = 1, for some / which means that M isfactor. O

5. H(g) AND H(A|a(A4))

In this section we investigate a relation between H(c) and H(A|o(A)) for
an n-shift ¢ on the tower ( j)j for a finite von Neumann algebra 4.

Let (A4;); be an increasing sequence of finite dimensional von Neumann
algebras. Let 4 = 3, .« @ 4,(k) be such a decomposition as in §4, and d;
the dimension vector of A4;. Then we shall say (A4;); satisfies the bounded
growth conditions [2] if the following two conditions are satisfied:

(i) sup, |(K;)|/j < +oo.

(ii) For some m, A;,;(I) contains at most d;(k) A;(k)-components for all
Jj > m where |(K;)| is the cardinal number of K;.

For examples, let us consider the two towers which are treated in Examples
1 and 2. Both of them satisfy the bounded growth conditions [2]. We shall
discuss another example in §7.

Theorem 5. Let o be a t-preserving *-endomorphism of an injective finite von
Neumann algebra A with a faithful normal trace t, ©(1) = 1. If o is an n-shift
on the tower (Aj); for A, then H(A|o(A)) <2H (o).
Furthermore, if the bounded growth conditions are satisfied, for the tower
(Anj);j
H(A|o(A)) =2H(0).

In order to prove Theorem 5, we need the following:

Lemma 6. Let o be the same as in Theorem 5. If o satisfies the conditions (1),
(3), and (4) in Definition 1 for n, then

H(Alo(4)) = 1111{.10 H(Apjin|Anj) -
Proof. By assumptions, the algebra A,;., contains o(4,;). Since two condi-

tional expectations of A,j., onto A,; and o(A4,;) are conjugate by the auto-
morphism or antiautomorphism g of A4,;,, in the condition (4),

H(Apjin|0(Anj)) = H(Anj+nlAnj)

for all j. On the other hand, A (resp. d(A4)) is generated by the sequence
(Anj+n); (resp. (0(An;));) with the commuting square condition

EAnan(Anj) = Ea(A,,,_,,) for all ] .
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Hence by [10],
H(Alo(4)) = lim H(Ayjnl0(4)) = lim H(ApjnlAn). O

Proof of Theorem 5. (1) By Lemma 6, Proposition 4 and Theorem 1,
H(A'O'(A)) = jliglo H(Anj+n|Anj)

1 k+1
= lim E}Z_:IH(A,,H,JA,U)

k—o0

k+1

o]

liminf — Z{I(Anj+n) —I(A4,))}
Jj=1

IA

k—o0 k

.1
= liminf = 1/(Anisn)

.1
< 111?1 EzH(AnkHt)
=2H(o).

(2) In [2], we proved that, if (A;); satisfies the bounded growth conditions,

then for the number m in the condition (ii)

J
I(4)) = I(Am) = > H(Ail4io),
i=m+1

and 1
lim — %" (k) d;(k)log;(k) d;(k)

J—oo
kekK;
where ¢; is the trace vector of the restriction of 7 to A4;.
This implies that

0,

lim 14 _ lim ! > 1(k)d;(k)[log d;(k) — logt;(k)]
Jmeo ) Jmeo ] keK;
— 1im 224D
Jj—o0 J

Hence,
.1 .1
H(Alo (4)) = lim = 57 H(Apisnl Ani) =l =1 (Ans1n)
i
.2
= llij(A,,j+,,)=2H(a). O
J

By considering the standard tower
NcMcMcMyCc---CM,=(M,_,e,—)C -

obtained from the pair N ¢ M of II,-factors with [M : N] < co by iterating
the basic construction, it is proved in [11] that H(M,|N) = log[M, : N] if
H(M|N) = log[M : N]. Since the index has the multiplicative property [6],
this implies that H(M,|N) = nH(M|N) if H(M|N) = log[M : N]. The next
corollary shows that a similar result holds for the pair a(M) C M .
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Corollary 7. Let a *-endomorphism o satisfy the same condition as in Theorem
5. Then for all n,

H(A|o"(A4)) = nH(A|o(4)).
Proof. This is an immediate consequence of Theorem 5 and the fact H(d") =
nH(g) by [2]. O

6. H(g) AND A(A, 6(A)) FOR n-SHIFT @

In this section, we shall investigate relations between the entropy H(o) and
the constant A(4, o(A4)) for an n-shift o of the tower (4;)cn for a finite von
Neumann algebra 4 with a fixed faithful normal trace 7, 7(1)=1.

Definition 3. We shall call an increasing sequence (A4;); of finite dimensional
von Neumann subalgebras of a finite von Neumann algebra 4 with a faithful
normal trace 7 a locally standard tower for o if thee exists a natural number
k which satisfies the following conditions:

(1) For a certain central projection pj(j,1) of Ay(j41), the inclusion matrix
[Ajk = Ak(j+1)Pr(j+1)] is the transpose of [Ayj_;) — Ay;], for each ;.

(2) If (tx(j—1)(i)); is the trace vector for the restriction of 7 to Ay,
then the value of 7 of the minimal projections for Ajj;1)Pk(j+1) are given by
(atj—1)(i)); for each j.

(3) There is ¢ > 0 such that H(A4y;) <c— jloga foreach ;.

We call the number 2k a period of the locally standard tower.

As examples of locally standard towers, we have the following:

(1) The tower (A4;); in Example 1 is obviously a locally standard tower for
1/m , because the inclusion matrices in each step are all same.

(ii) The standard tower is a locally standard tower for ||T!T||~!, because the
inclusion matrix in the jth step is the transpose of one in the (j — 1)th step for
all j [6]. Hence the tower (4;); is also locally standard if A4;., is a locally
algebraic basic extension of 4;_; C A4;.

(i11) The tower (A4,); in Example 2 is a locally standard tower for 4, because
the central support of ¢; in A; satisfies the conditions (1) and (2) in Definition
3 and the condition (3) is proved by results in §4.2 and §5.1 in [6].

We shall treat another locally standard tower in the next section.

Theorem 8. Let A be a finite von Neumann algebra with a fixed faithful normal
trace T, 1(1) = 1. Let o be an n-shift on the locally standard tower (A;); for
a with a period 2n, then

H(A|o(A)) <2H(0o) < —loga < logi(4, a(4))~!.

Proof. Let d; and t; be the dimension vector of A4, and the trace vector of
the restriction of 7 to A;, respectively. Let K; be the set of simple summands
of A4;. By the commuting square condition (3) in Definition 1 and [10],

}'(A ’ G(A)) = Jll'rgo )'(Anj+n y O(A’U)) .
Since the conditional expectations E4, and E,(4,) are conjugate by an au-

tomorphism or antiautomorphism B of A,;.,, which satisfies the condition

4,

;L(Anj+n s U(Anj)) = l(Anj+n s Anj) .
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On the other hand, since (4;); is a locally standard tower with a period 2n,
by the same proof as Proposition 3 we have
(k)

thi— 1
MApisn, Ani)~' > max 2220 —
( nen "1) - keKnj—n tnj+n(k) Q@
Hence,
logA(4, 6(A4))™" = lim log A(Apjin, 4nj)”" > —loga.
j—oo

On the other hand, by the condition (3) of the locally standard tower (4;); for
a, we have that

1
H(Aan)SC+JIOgE~

Hence we have by Theorem 1,

logA(4, a(A))™! > —loga > 2 lim zin(Az,,j) =2H(o).
J—0oo

Combining with Theorem 5, we have
H(A|o(A)) <2H(0) < —loga <logi(4,a(4))"!. O

The above proof shows that under a good condition, a = A(4, a(A4)). For
example, if (4;); is periodic in the sense of [17], the equality holds. We shall
show another example in §7.

The author would like to thank F. Hiai for pointing out a mistake in the
proof of Theorem 8 in the preliminary version.

Corollary 9. Let A be an injective finite factor with the canonical trace T and
o an n-shift of a locally standard tower for A with a period 2n, then

H(A|o(A4)) < 2H(o) < log[4 : o(4)].

Proof. If A is a factor, then a(A) is a subfactor of A4, so that, by [12),
[4:0(A)] = A(A4, 6(A))"!. Hence we have the corollary. O

In the case that g(4) is a factor, it was determined in [10] when H(A4|g(A4)) =
log[4 : a(A4)]. In such a case, we have

H(Alo(A)) =2H(o) =log[A:a(A)].
1

For example, the shifts S in Example 1 and o for 4 > ; in Example 2
satisfy the equality [2]. However, the shifts ¢ in Example 2 have the following
relation, [2]:

H(R|o(R)) =2H(0) < log[R : a(R)],

if A<y

7. CANONICAL SHIFT

In [9], Ocneanu defined a very nice *-endomorphism for the tower of the
relative commutant algebras for the inclusion N C¢ M of type II;-factors with
the finite index.

First we shall recall the definition and main properties of the canonical shift
on the tower of relative commutants [9].

Let M be a finite factor with the canonical trace T and N a subfactor of
M such that [M : N] < +oco. Then the basic extension M, = (M, e) is a II;-
factor with the A4 = [M : N]~!-Markov trace [6] and there is a family {m;} C M
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which forms an “orthonormal basis” in M with respect to the N valued inner
product En(xy*) (x,y € M), that is, each x € M is decomposed in the
unique form as follows [9, 10]:

x =Y Ey(xm})m;
i

Iterating the basic construction from N C M, we have the standard tower
M_ =NCMy=McCM, =(M0,€0)CM2C"'

Here, e; is the projection of L*(M;, t;) onto L*(M;_;, t;_;) and t; is the
A-Markov trace for M;. Then from the family (e;); the projection e(n, k) is
obtained and
M, ,CcM,C M, ={(M,,e(n,k))

is an algebraic basic extension [9, 11]. Furthermore it is obtained in [9] that the
“orthonormal basis” in M, with respect to M,_j-valued inner product from
the family of the basis in (Af}); .

Let Aj = M'NM; forall j. The antiautomorphism y; of A,; = M' N M,;
defined by

vilx) =Jix*Jp,  x € Ay,

is called the mirroring, where J; is the conjugate unitary on L2 (M i, 7j). Then
for all x € M' N M,;, the followmg expression of the mirrorings is given:

7i(x) =[M;: M]EE (emix)em;,
1

where E is the conditional expectation of M,; onto M, e is the projection of
L*(M;) onto L?(M) and (m;); a module basis of M; over M . The expression
implies that the mirrorings satisfy the following relation: ;4 -7; =¥+ 7j-1,
forall j > 1 on A,j_,. In the view of this relation, the endomorphism I" of
U, 4» can be defined by I'(x) = y;,1(»;(x)), for x € 4;;. Ocneanu called the
endomorphism I" the canonical shift on the tower of the relative commutants.
In the case of inclusions of infinite factors, similar *-endomorphisms are in-
vestigated by Longo [8]. The mapping I" has the following properties; for any
k,n>0 with n >k, T(M; N M) =M, N\ M,,,.

Now, we shall consider the finite von Neumann algebra 4 generated by the
tower (A4;); and extend I' to a trace preserving *-endomorphism of A4 as
follows.

Since N ¢ M are II,-factors with [M : N] < +oo, there is a faithful normal
trace on |J; M; which extends the canonical trace 7 on M. We denote the
trace by the same notation 7.

Although M;,, is defined as a von Neumann algebra on L?(M;, t;), each
M can be considered as von Neumann algebras on the Hilbert space L*(M, 7).
Hence |JA4; and (JM; can be considered as von Neumann algebras acting on
L*(M, 7). Let

wefou - afor)

Then M, is a finite factor with the canonical trace which is the extension of
7. We denote it by the same notation 7. Then A4 is a von Neumann subalgebra
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of M, . Since I" is a ultra-weakly continuous endomorphism of |J i Aj, I'is
extended to a *-endomorphism of A4.

Although, in the case discussed by Ocneanu, for all k, the mirroring y; is
a trace preserving map thanks to the assumption N' N M = CI1, in general,
the mirrorings are not always trace preserving. However, the canonical shift is
always trace preserving.

Lemma 10. For every k, yi,1 - ¢ is a 1-preserving isomorphism of M' N My,
onto M N My,,. Furthermore, if E4 (e;) = A (for example N'n M = Cl),
then y; is a trace preserving antiautomorphism of Ay; for all j.

Proof. By the definition, it is obvious that
Ykat * V(M0 Myy) = pt (M0 My ) = My 0 My,

In order to prove that 7(yi,; - 7k(x)) = t(x) for all x € M' N My, it is
sufficient to prove that 7(y;.(x)) = t(yx(x)), for all x € M’ N M,, . Because
of [M : N] < oo, M'n B(L*M,, 1)) is a finite factor [6]. Let (m;); be
an “orthonormal basis” in M, with respect to the M)-valued inner product
Ey, (xy*), for x,y € My,,. Every & € LX(My,,, ) is written in the form
&=Y,&Em; (& € L3(My, 1)). We shall embed an x € B(L?(My, 7)) into
B(L*(My,,, 7) by x¢é =3, x(&)m; . Then M'NB(L*(My, 1)) is considered as
a subfactor (with the canonical trace y) of the finite factor M'NB(L?>(My.,, 1))
with the canonical trace ¢. Hence, foran x € M'NM,, C M'NB(L*(M,, 1)),
we have
(7 (%)) = W (x) = $(x) = T(ks1(x)).
Assume that E4 (e;) = A=[M : N]~'. Then by [9 and 10], this implies that

12j42(%) = TarnBLaMy,y 17000 (X)

for all x € M'NM,j,,, where t; (resp. t7) is the canonical trace of M; (resp.
factor L). Let x € M'NM,;. Since M' N M,; C M' 0 Myj,,,

T2j+2(7j+1(X)) = TapaBL2(M,4, , 1)00) (X)) -
This implies that
T2j+2(7j41(X)) = T2j52(x).

Thus the mirroring yj,; is a trace preserving antiautomorphism of 4,;,,. O

By Lemma 10, the canonical shift I" on the tower of the relative commutants
(Aj); of M is extended to a t-preserving *-endomorphism of 4. We call the
*-endomorphism of A the canonical shift for the inclusion M > N and denote
it by the same notation I'.

We will show the canonical shift I" is a 2-shift on the tower (4;); for 4.

Lemma 11. Let L be a finite von Neumann algebra with a faithful normal trace
T, ©(1)=1. If M is a subfactor of L, then
7(xy) = t(x)t(y) (xeM,yeM'nL).

Proof. Let E be the conditional expectation of L onto M conditioned by 7.
For xe M and ye M'NnL,

Em(y)x = Em(yx) = En(xy) = xEn(y),
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which implies Ej(y) € M'N M . Since M is a factor, Ep(y) = 7(y). Hence

T(xy) = 1(En(xy)) = 1(xEn(y)) = 1(x)1(y). O

Proposition 12. The canonical shift T' for the inclusion N C M satisfies the
conditions (1), (2) and (3) for 2-shifts. If E4(e;) = [M : NI7!, then T is a
2-shift on the tower (A;); for A.

Proof. Since [M : N] < 400, forall j, 4 = M’ N M, is finite dimensional
[6]. For all natural numbers j and k,
TH(A4;) =TE(M' N M) = My, N M5 .
This implies
{Aj s F(Aj), RN Fm(Aj)}” cMn Mj+2m = Aj+2m .
For each j, let k; =[4{]+1.If m > k;, then
I'"(4;) = Mém NMj,m C A;- .

Combining this with Lemma 11, we have that (k;), satisfies the condition (2)
for 2-shifts. It is proved in [13] that EMk/nMjEM,. = EM,;r‘\Mk ,for k <i<j.
This implies that
EA_,EF(AJ) = EM’ﬁMjEleﬁMj+2 = EM’ﬁMJEMjElenMj+2
= Epom, Eviom; = Era, ) -
Hence T satisfies (1), (2), and (3) in Definition 1 for n = 2.
Assume that E4 (e;) = [M : N]~!. Then by Lemma 10, the mirroring 7,4

is a trace preserving antiautomorphism of Aj;,,. Since I'(4y;) = yj+1(42;), T’
is a 2-shift on the tower (4;);. O

Next, we shall show the entropy H(I') of the *-endomorphism y of A4 is
always dominated by log[M : N].

Lemma 13. Let B = AN N for von Neumann subalgebras A and N of a finite
von Neumann algebra M satisfying the commuting square condition: E Ey =
EvE4=Eg. Then, H(M|N) > H(A|B), A(M, N)<A(A, B).

Proof. By the commuting square condition, we have Ey(x) = Eg(x) for all
x € A. Hence

H(M|N) = XGS;—IEMZ[T’?EN(Xi) - (x;)]

> sup Y [tnEn(xi) - t(x;)] = H(A|B),

XES|NA i

and

AM, N)=max{A: En(x) > ix,x € M,}
< max{4: Eg(x) >Ax,x € A, } =A(4, B).
Let B and C be the von Neumann subalgebras of 4 defined by

(U(M.’OM;)) , C=(U(M50M,)) .

B

J J
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Theorem 14. Let " be the canonical shift for the inclusion N ¢ M of type
I1,-factors with [M : N] < oo. Then
!
H() = lim H(M' 0 My)
k—o0 k
If E4(e)) =[M : N7, then
H(A|C) <2H(T) <logi(A, C)~! = 2H(M|N) = 2log[M : N].

Proof. The shift T" satisfies conditions (1) and (2) for 2-shifts. Hence by The-

orem 1,
. H(Ay)
H{I) = lim ——=.
™ o Tk

Assume that E4 (e;) = [M : N]~!. Then the canonical shift I is a 2-shift on
the tower (4;); of the relative commutants of M by Proposition 12. For the
projection e; of L*(M;, ) onto L*(M;_;, 1), let p; be the central support
of ej in A;. Then, forall j>1,

Aj_1 CAj CAjiPjs
is an algebraic basic extension for 4;_; C A4; and the trace vectors of A4;_,
and A, satisfy the condition (2) in Definition 3 for A = [M : N]7!, [5, 9,
13, 17]. On the other hand, [10, Theorem 4.4] assures that for all j,
2H(M' 0 M;) < H(M;|M).
Since
H(M;|M) < log[M; : M]= —jlog4,
by [10 and 11], the condition (3) in Definition 3 for (4;) is satisfied. Hence
the sequence (4;); is a locally standard tower for A2 with period 4. Hence, by
Theorem 8,
H(AT(A4)) <2H(T) < 2log[M : N1 < logi(4, T(4))7!.
Since I'(M; N M;) = M, M;,>, we have I'(4) = C. Hence,
H(A|C) <2H(T') < 2log[M : N] < logA(4, C)7'.

Every factor M; can be considered as a von Neumann algebra on L*(M, 1)
by Jones’ method [6]. Then as von Neumann algebras on L2(M, 1), for all j,

Esmon;Er; = EvEviom; = Espiom,
Since A is generated by the tower (M'NAM;); and C is generated by the tower
(M; N M;);, it follows that E E M = E, where all algebras are considered as
von Neumann subalgebras of a finite factor M’ on L*(M, 7). By Lemma 13,
this implies A(Mj;, M') < A(4, C). Since M and N are factors, A(M, N)~! =
[M : N]. On the other hand, Jones proved that M’ D> M; are finite factors
with [M': M}]=[M,: M]=[M : N)*. Hence
MA,T(A) ' = A4, C)"' =2[M : N].
The condition that E,4 (e;) = [M : N]~! isequivalentto H(M|N) = log[M : N]
[10]. Hence we have
H(A|C) <2H(T) <logA(4, C)~! =2log[M : N] = 2H(M|N). O

The above simple proof, where the condition (3) in Definition 3 for the
sequence (4;); was used, was indicated by F. Hiai.
As an immediate consequence, we have
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Corollary 15. Under the same conditions as in Theorem 14, let A be a factor.
Then
H(A|C) < 2H(T) < 2log[A : B] = 2log[M : N].

Corollary 16. Let T be the canonical shift for the inclusion N C M of type
I1,-factors with [M : N] < oco. If NNNM =Cl1, then

H(T) < H(M|N) = log[M : N].

For a pair N ¢ M of hyperfinite type II;-factors with [M : N] < o, Popa
says that N C M has the generating property if there exists a choice of the
standard tunnel of subfactors (N;); such that M is generated by the increasing
sequence (N;NM);.

Corollary 17. Assume that N C M has the generating property. If Eninpy(eo) =
[M: N]~!, then
H(M|N)=H(I') = log[M : N].

Proof. By [6], we consider all M; as factors acting on L?(M, 7). Let J be the
canonical conjugation on L*(M, 7). For each j,let Nj=JM ;J . Then the
mapping ® defined by ®(x) = JxJ is a trace preserving anti-isomorphism
[13] such that ®(4) = (U;(N; N M))" and ®(B) = (U;(N; N N))" because
Ennum(eg) = [M : N]~'. Although, the tunnel of subfactors is not uniquely
determined, the pair of algebras of relative commutants is unique up to isomor-
phism [13], that is, let M D NDN; D--- and M D N> P, D --- be two
choices of the standard tunnels, then there exists a trace preserving isomorphism

¥ such that Y .
¥ ((U(N; n M)) ) = (U(P; N M))
J J
¥ ((U(N; nN)) ) = (U(P; ﬂN)) )
J J

Since N C M has the generating property, we have a trace preserving antiau-
tomorphism of M onto A which transpose N, onto C. Hence H(A|C) =
H(M|Ny). If Exyiny(eo) = [M : N]7', then H(M|N;) = log[M : N;] [11].
Hence by Theorem 14,

H(M|N)=H(T) =log[M:N]. O

and

As a sufficient condition for the two assumptions in Corollary 17, Ocneanu
[9] introduced the following notion for a pair N ¢ M with NN M = Cl1,
and Popa [13] extended it to general cases. The inclusion N C M of type II;-
factors with [M : N] < +oo is said to have the finite depth if sup;(k;) < +o0,
where k; is the cardinal number of simple summands of M'n M;.

Remark 18. If the inclusion N C M of type II,-factors with the finite index and
finite depth, then the tower (4;); of relative commutants satisfies the bounded
growth conditions.

If an inclusion N C M has the finite depth, then Eninpr(ey) = [M : N7}
and N C M has the generating property [13]. Hence we have
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Corollary 19. Let N C M be type 11;-factors with the finite index and the finite
depth. Let T" be the canonical shift for N c M . Then

H(M|N) = H(T) = log[M : N].

Remark 20. In Corollary 18, the shift I" is considered as an *-endomorphism
of the algebra A4 generated by the tower (4;); of the relative commutants of
M . Since N C M has the finite depth, the shift I' induces a trace preserving
*-endomorphism of M which sending M to the subfactor P in such a way
that P C N C M is the algebraic basic extension for P ¢ N. Then the
*-endomorphism of M has the same property as I".

In the rest of this section, we shall show that the canonical shift has an ergodic
property, which is similar to the canonical endomorphism in [7]. Therefore the
canonical shift is a shift in the sense due to Powers [14].

Proposition 21. Let N C M be type 11,-factors with the finite index. Then the
canonical shift T for N C M satisfies that

(T (4) =C1.
k

Proof. The von Neumann algebra A4 is contained in the type II,-factor M, =
(U; M;))" with the canonical trace 7 which is the extension of 7. Let take an

x €N, T*(A4). Forany & > 0, there exists an integer k such that [Jx—x[ <eé
for some x; € A;. Let E be the conditional expectation of M., onto M.
Since x € T¥(4) c M{NM, forany y € M, , E(x)y = E(xy) = yE(x). This
implies E(x) € M N M, , thatis, E(x) = 7(x). On the other hand, x; € M} .
Hence

X = ()2 < I = xill2 + lIxk — E(x)l2 < 2e.

This means, x e C1. O

8. EXTENSION OF CANONICAL SHIFT

In this section, we shall show that the canonical shift I" is extended to an
ergodic *-automorphism O of a larger von Neumann algebra in such a way
that H(I') = H(O).

Let N C M be type II;-factors with [M : N] < co. Let

M_1=NCM=M()CM1=(M,e)C"'CMj=(Mj_|€j_1>C"'

be the standard tower obtained from N C M. Let M., be the finite factor
generated by the tower (M), .

Proposition 22. Let N C M be type 11,-factors with the finite index and 1 the
canonical trace of M. Let o be a *-isomorphism of M onto N. Then the
Jfollowing statements are equivalent

(1) There exists a *-isomorphism o, of M, onto M such that forall x € M,
o1(x) =o(x).

(2) There exists a projection e € M such that o(N) = {e}NN and Ey(e) =
Al =[M:N]'.

(3) There exists a projection e € M such that forall y € N, eye = Ey(n)(y)e,
t(ey) = At(y), and M is generated by N and e as a von Neumann algebra.
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(4) There exists an automorphism © on M., such that for all x € M and
all j, ©(x)=0(x) and B(e;) € M;.

(5) The decreasing sequence M > N D> ¢(N) D --- D ¢/(N) D -+ isa
standard tunnel.

Proof. (1) = (2). Let e = ay(ep), where e is the projection of L*(M, 1)
onto L?(N, 7). Since ¢ must be t-preserving, for all x € M,

0(Em(x)) = Egary(a(x)).

By [6], Ex(eg) =4l and N = {ep}' N M . Hence (2) holds.
(2) = (3). The projection e in (2) satisfies that eye = E,n)(y)e for all
y€N and M ={N, e}’ by[ll]. If y € N, then

1(ey) = 1(Egv)(¥)e) = T(Eqv)(¥)En(e)) = A1(y) .
(3) = (1). We put

k k
a1 (Z aieob,-) Za a;)ea(b
I=1 i=1

for a;, by € M. The map o is a well-defined *-homomorphism.
In fact, assume z = 3", a;e0b; = 0. Since o is trace preserving,

IzlI3 = ©(b}eoafajecd;)

i,Jj

= Z (eoEn(aa;)En(b;b}))
_},Zt(E,, (a(af)a(a;))Eqn(a(b))a(d])))

= ZT €E0(N) G(ai)*a(aj))a(bj)a(b;))

2

Y a(aea(b)

i

2

Thus o, is extended to a *-isomorphism of M; onto M . By the definition,
forall a € M, ad(a) = o1(1) = gy(a) = g1(1)o(a) and eo (1) = oi(ep) =
o1(1)e, because o is a *-isomorphism of M; onto M . Since the factor M
is generated by N and e, the projection o;(1) = 1. Hence for all x € M,
a1(x) =0a1(x1) =0a(x).

(1) = (4). Let us consider the *-isomorphism o, of M; onto M such
that o;(x) = o(x) for all x € M. Then the projection ey € M, satisfies
that g;(M) = N = ¢yN M and Ej(ep) = Al. Hence the above discussion
implies that there exists a *-isomorphism g, of M, onto M, such that g,(x) =
g1(x) for x € M. Iterating this method, we have the sequence (g;); of *-
isomorphisms of M; onto M;_; such that g;(x) = g;- l(x) for x € M;_,.
For any y € U; M;, let O(y)=0j(y) if ye M, Then 6 is extended to the
(we denote it by the same notation ©) mapping of M., . The mapping © is
an automorphism and 6'(x) = 7(x) for x € M, and G(ej) =o(ej) e M;.
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(4) = (1). The automorphism O satisfies that O(M) = N and B(ey) € M .
Hence O is an automorphism of M; onto M such that O(x) = g(x) for
xXeM.

(3) = (5). Let us take such a projection e as in (3). If z € g(N) satisfies
ze =0, then 0 = |lez|, = A||z||,. Hence z = 0. Clearly, M is an algebraic
basic extension for ¢(N) ¢ N. Let oi(e) = e_; and N; = ¢’(N). Then
N; D Ni;1 O Ni;, is an algebraic basic extension for Nj.; D Njy).

(5) = (3). Since the tunnel is standard, there is the basic projection e € M
for g(N) C N. The projection e satisfies the conditions (3). O

Definition 4. Let o be a *-isomorphism of a type II;-factor M onto a subfactor
N with the finite index. If o satisfies the equivalent conditions in Proposition
22, then we call ¢ a basic *-endomorphism for the inclusion N C M .

Let ¢ be a basic *-endomorphism of the inclusion N ¢ M of type II;-
factors with the finite index. Let Pj = M Nno/(M)'. Then (P;); is an increas-
ing sequence of finite dimensional von Neumann algebras. Let P be the von
Neumann algebra generated by (P;);. Then P is a von Neumann subalgebra
of M and we have the following

Proposition 23. Let  be a basic *-endomorphism for the inclusion N C M of
type 11 -factors with the finite index. Then,

k !
H(o) = lim TM O (M))
k—o0 k
Assume that Eynpy(e) = [M : N1~ for a basic projection of 6(N) C N. Then
a™ is a m-shift on the tower (P;); for P for all even number m and satisfies
the following relations. For all even m,
H(P|o™(P)) < 2mH (o) <logi(P, ¢™(P))™! = mlog[M : N].

Proof. The condition (1) is obviously satisfied. For every j, put k; = [-,é] +1.
Then by Lemma 11, (2) for n-shift is satisfied. Hence we have the first equality.
Since (g/(M)); is a standard tunnel, (¢/"(M)); is a standard tunnel. Hence
the commuting square condition (3) is satisfied [13]. We take the mirroring y
defined by the conjugation on L2(g"U+!)(M)). Then by a similar method as in
the proof of Lemma 10, y is the trace preserving antiautomorphism of Py ;1)
such that y(Py,;) = 6"(Pa,), because o is a basic *-endomorphism. Hence
62" is an 2n-shift on the tower (P;); for P, and by Theorem 8 and [2], for
all n,

H(P|o*"(P)) < 2H(c*") = 4nH (o).
Let p; be the central support of the projection e_; in P; which satisfies that
o/(M)=¢e_;N o/~2(M). Then the inclusion Pj;; C Pjypj+2 is an algebraic
basic construction corresponding to P; C Pj,, via Pjy ~ Pjypjir. This
means that (P;); is a locally standard tower with a period 2, for 4 = [M : N]~!
that is, with every even number as a period. Hence

2H(o™) < logA(P, a™(P))"",

for all even m. Since EpEgnpr) = Egn(p), by Lemma 13,

logA(P, 6"(P))~"' <logA(M, a"(M))~! =log[M : 6"(M))] = nlog[M : N].

Thus we have the stated inequality. O
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Corollary 24. Let o be the same as in Proposition 23. Then
2H (o) <log[M : N].
Furthermore, if the inclusion N C M has finite depth, then
H(M|N)=2Hy(o) =2H(o) = log[M : N],

where Hys (o) is the entropy of o as a *-endomorphism of M .

Proof. The first inequality is clear by Proposition 23. Assume that the inclusion
N C M has finite depth. Then it is proved in [13] that there exists a choice
of the standard tunnel (N;); such that A is generated by {N/N M};. Since
(6'(M)); is also a standard tunnel of subfactors, there exists a trace preserving
*-isomorphism of M onto P carrying N onto o(P) [13]. The finite depth
assumption implies that Eynp(ey) = 1/[M : N] by [13]. Hence log[M : N] =
H(M|N) by [10]. On the other hand, H(M|o"(M)) = H(P|o"(P)) for all n,
because ¢ is a trace preserving *-endomorphism of M . Hence

H(M|o"(M)) =log[M : 6" (M)] = nlog[M : N].
By Proposition 23,
H(M|N)=2Hy(0) =2H(o) =log[M : N]. O

As an example of a basic *-endomorphism, we have the *-endomorphism ¢
in Example 2.

We shall show that another typical example of a basic *-endomorphism is
the canonical shift on the tower of relative commutants in §7.

Propeosition 25. Let M D> N be type 11\-factors with the finite index and finite
depth. Then the canonical shift T for the inclusion M > N is a basic *-
endomorphism of A = (U;(M'n Mj);)".

Proof. If M D> N has finite index and finite depth, then A is a finite factor
which is anti-isomorphic to M. Let C be the subfactor I'(4). Then [4 :
C]=[M : N)®. To prove that I is the basic *-endomorphism of 4, we have
to show the existence of a projection in 4 which satisfies the statement (2) in
Proposition 22. Let f be a projection in M, such that M, is generated by
M, and f. Then

MinM;={f}Y nM;nM;

for all j > 4. By the definition of 4 and the property of I', I'(C) = {f}'nC.
Since f is the basic projection for the standard tower M C M, C M, and
N C M has finite depth, by [13],

Ec(f)=[M:NP}=[4:C]. O

In [2], we proved that some kinds of *-endomorphisms are extended to er-
godic *-automorphisms of larger algebras with same values as entropies. Here
we shall show this also holds for the canonical shifts.

Let R be the von Neumann algebra generated by the standard tower obtained
from A4 D I'(4). Since I' is a basic *-endomorphism of A, there exists a *-
automorphism of R which is an extension of I". We denote it by .
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Theorem 26. Let N C M be type 11,-factor with finite index. Then the automor-
phism © induced by the canonical shift T for the inclusion N C M is ergodic.
If N C M has finite depth

H(M|N) = H(®) = H(T) = log[M : N].

Proof. Let us take an x € R such that ©(x) = x . By considering the standard
tunnel obtained through T,

"'CNk=M__kC"'CN|=N=M_1CM0=MCM1C"'CMjC"'

we observe that R is generated by |, j(Ny N M;). Then for any ¢ > 0 there
are k and j such that ||x—x'||; <& for some x’ € N,NM;. Since © is trace
preserving, [x’ —©(x')|| < 2¢. On the other hand ©™(x’) € N;_,, N Mj,om
forall m and (N, _,,,NM;.2,)N(N;NM;)=Cl1 for alarge enough m. Hence
x € Cl. Assume that N C M has finite depth. Then © is a 2-shift on the
tower (M., N M), ; for R by the same proof as one for I'. Since M’ , N M
is isomorphic to A4;, , we have by Theorem 1,

H(M', 0 M) H(M' N My,)

HO) = Jim = =l =y

Hence we have the relation by Corollary 24. O

= H(T).
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